SCHREIER SETS IN RAMSEY THEORY 



V. FARMAKI AND S. NEGREPONTIS 

Abstract. We show that Ramsey theory, a domain presently conceived to guaran- 
tee the existence of large homogeneous sets for partitions on fc-tuples of words (for 
every natural number k) over a finite alphabet, can be extended to one for partitions 
on Schreier-type sets of words (of every countable ordinal). Indeed, we establish an 
extension of the partition theorem of Carlson about words and of the (more general) 
partition theorem of Furstenberg-Katznelson about combinatorial subspaces of the set 
of words (generating from /c-tuples of words for any fixed natural number k) into a 
partition theorem about combinatorial subspaces (generating from Schreier-type sets 
of words of order any fixed countable ordinal). Furthermore, as a result we obtain a 
strengthening of Carlson's infinitary Nash- Williams type (and Ellcntuck type) partition 
theorem about infinite sequences of variable words into a theorem, in which an infinite 
sequence of variable words and a binary partition of all the finite sequences of words, 
one of whose components is, in addition, a tree, are assumed, concluding that all the 
Schreier-type finite reductions of an infinite reduction of the given sequence have a be- 
havior determined by the Cantor-Bendixson ordinal index of the tree-component of the 
partition, falling in the tree-component above that index and in its complement below 
it. 



Introduction 

Our aim is to extend Ramsey theory so that it applies not only to partitions of fc- 
tuples of words but more generally to partitions of Schreier-type sets of words of a fixed 
countable ordinal number. For a finite non-empty alphabet E we denote by W k {Y>) 
(respectively, W h (E;v)) the family of sequences of k many words (respectively, variable 
words) over E, and by W^E; v) the family of infinite sequences of variable words over E. 
By a reduction (respectively, variable reduction) of w — (ii> n )neN G W u (E;v) we mean 
any infinite sequence of words (respectively, variable words) , denoted by u -< w, obtained 
from w by replacing each occurence of the variable in each w n by one element of the set 
E U {?;}, dividing the resulting sequence into infinitely many finite blocks of consecutive 
words, and concatenating the members of each block; the first element (respectively, 
the first k elements) of a reduction of w is called a reduced word (respectively, a finite 
reductions with k words) of w. (These terms will be defined more formally below). For a 
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natural number r, an r-coloring (or an r-partition) of a set S is a map x '■ S — » {1, . . . , r}, 
and is the color of s for s G S. A set T C S is monochromatic (under x) if \ is 
constant on T. 

The fundamental classical partition theorems of Ramsey theory, namely (a) Carlson's 
partition theorem (Lemma 5.9 in j^j, Corollary 4.6 in |BBHj in strenthened form), (b) 
the Furstenberg-Katznelson partition theorem (Theorems 2.7 and 3.1 in |FK lj). and (c) 
Carlson's Nash- Williams type infmitary partition theorem (Theorem 2 in jS]), can now 
be stated as follows: 

Theorem 0.1 (Carlson's theorem, 0, jBBH] ). Let xi ■ IV 1 (E) -> {1,...,^} and \2 ■ 

W x (Yl\v) — > {l,...,r 2 } be finite colorings of the sets W 1 ^) and W 1 (E; v) , respectively 
and w G W u (E;v) be an infinite sequence of variable words over E; then there exists a 
variable reduction u -< w of w such that all the reduced words of u are monochromatic 
under Xi and all the reduced variable words of u are monochromatic under \2 ■ 

Theorem 0.2 (Furstenberg-Katznelson's theorem, |FKlj ). Let k be any natural number, 
Xi '■ W k (T l ) — > {1, . . . , ri} and X2 '■ W k (T l ; v) — > {1, . . . , r 2 } be finite colorings of the sets 
W k (J2) and W k (T l ;v), respectively and w G W^^v) be an infinite sequence of variable 
words over E; then there exists a variable reduction u -< w of w such that all the finite 
reductions with k words of u are monochromatic under xi an d a ^ the finite variable 
reductions with k variable words of u are monochromatic under X2- 

In addition Furstenberg and Katznelson in jFK2j introduced the notion of a k- dimen- 
sional combinatorial subspace of VT(E) for k any natural number and proved (in Theorem 
3.1) a partition theorem about these combinatorial subspaces. 

Theorem 0.3 (Carlson's infinitary partition theorem, [C]). Let hi C W^^v) be a point- 
wise closed family of infinite sequences of variable words overT, andw G W w (T,;v) be an 
infinite sequence of variable words over E; then there exists a variable reduction u -< w 
of w over E such that either all the variable reductions of u are contained in U or all 
variable reductions of u are contained in the complement oflA. 

As stated, the aim of the present paper is to show that stronger versions of these 
partition theorems hold for the family of Schreier-type sets of words of every countable 
ordinal, and not just for the family of fc-tuples of words, with k restricted to a natural 
number. The hierarchy {A^)^ <iU1 of the families of Schreier sets of natural numbers, de- 
fined on the countable ordinals, provides a classification of the class of all finite subsets of 
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the natural numbers measuring their complexity. The recursive definition of the Schreier 
sets (A^)^ <ull is as follows: 

Definition 0.4 (The Schreier system, [Fl, Def. 7], [F2, Def. 1.5] [F3, Def. 1.3]). For 
every non-zero, countable, limit ordinal A choose and fix a strictly increasing sequence 
(A n ) ne N °f successor ordinals smaller than A with sup n A n = A. The system (^)f< £Jl is 
defined recursively as follows: 

(1) A = {0} and Ai = {{n} : n G N}; 

(2) A (+1 = {s G [N]>q : s = i n } u s i, where neN, {n} < s 1 and s 1 G A^}; 

(3i) A^b+i = {s G [N]>q : s = Ur=i s *' where n = minsi, si < ■•• < s n and 
Si) • • • j s n G 

(3ii) for a non-zero, countable limit ordinal A, 

A u \ = {s G [N]>q : s e with n = min s}; and 
(3iii) for a limit ordinal £ such that u; a < £ < for some < a < c^i, if 

£ = ^ a p+X]^=i u^Pi, where m G N with m > 0, p, pi, . . . ,p m are natural numbers 
with p,pi, . . . ,p m > 1 (so that either p > 1, or p — 1 and m > 1) and a, ai, . . . , a m 
are ordinals with a > a\ > ■ ■ ■ a m > 0, 

Ai = {s G [N]<£ : s = s U (U™! ^) with s m < ■ ■ ■ < Sl < s , s = s? U ■ ■ ■ U s° 
with s° < • ■ ■ < s° G Aj o ) and S; = 4 U • • • U s l with s\ < • ■ ■ < s % p . G Ao a i 
Vl<i< m}. 

Note that in case 3(iii)) above the Cantor normal form of ordinals is employed (cf. 
KM], jL]). Note also that for k a natural number, i.e. a finite ordinal, the Schreier 
family Ak coincides with the family of all fc-elements subsets of the natural numbers. 

In the definition of a Schreier system {A^)^ <CtJl we can fix for each non-zero, countable, 
limit ordinal A the particular sequence ((A) n ) n£ N or equivalently the sequence of successor 
ordinals ((A)^)„ £ n defined below: 

Definition 0.5. Let A be a non-zero, countable, limit ordinal and n G N. 
(i) We define inductively the ordinal (A) n as follows: 

(1) (u) n = n. 

(2) (u a+1 ) n = u a n for every < a < oJx. 

(3) For a non-zero, countable limit ordinal a with a < uj a , 
{uo a ) n = u^. 
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(4) For a non-zero, countable limit ordinal a with a = u> a , let (3q be the smallest 
ordinal such that a can be obtained as the limit of the sequence (/? n ) n eN> where 
(3 n+l = «A. We set (a) n = (3 n . 

(5) For a limit ordinal A = u ai pi + . . . + u arn p m , where m,pi, . . . ,p m G N and 
A >ai>... > a m > 

(A)„, = uj^pi + ... + u^Pm-i + u a ™(p m - 1) + (w Q '") n . 

(ii) Consider the strictly decreasing sequence A(o), A(i), . . . , X(k x ) defined by A( ) = A, 
A( i+1 ) = (A(j)) n for < i < — 1 and terminating when is a successor ordinal. As 
this sequence of ordinals is strictly decreasing, it must terminate and let (A)^ = Ao.a) be 
the final term of this sequence. 

Although the recursive Schreier system (A{)^ <U1 is a purely combinatorial entity, it 
nevertheless arose gradually in connection with the theory of Banach spaces, originally 
the family A% was defined by Schreier (jS]) (for £ = u), next by Alspach-Odell [AO 
(for £ = u K , k a natural number) and Alspach-Argyros |AA| (for £ = u a , a a countable 
ordinal), and finally by Farmaki |Flj . jF2j, [F3J and Tomczak-Jaegermann |TJj (for £ any 
countable ordinal). (The reader is referred to the introduction of |F3j for more details). 

Schreier sets were used firstly for the following transfinite extension of the classical 
Ramsey partition theorem ([E]), a result about the existence of monochromatic sets for 
finite colorations of the family of all fc-tuples, with k a natural number: 

Theorem 0.6 (Ramsey partition theorem on Schreier sets, QF2J)). Let £ be a non-zero 
countable ordinal number. For any finite coloration x of the family A% and M an infinite 
subset ofN there exists an infinite subset L of M such that A^d [L] <UJ is monochromatic. 

Using the family A% we define (in Definition 12.11 ) the families W^(Ti), W^(E;v) of 
Schreier-type sets of words, variable words respectively over E, of a fixed countable 
ordinal number £. Carlson's theorem (Theorem 10.1)1 and the more general Furstenberg- 
Katznelson's theorem ( Theorem 10. 2|) will be extended from /c-tuples to Schreier-type sets 
of every countably ordinal; this is the content of the main Theorem in Section 2 (see 
Theorem 12. Hj) . With the notation and definitions given in Section 1, it reads as follows: 

Theorem A. Let £ be a countable ordinal, Xi '■ W^(E) — ► {1, . . . , ri} and X2 '■ v) — * 

{l,...,rz} be finite colorings of the sets W^(T,) and W^(E;v), respectively and w G 
W^{Y*]v) be an infinite sequence of variable words over S; then there exists a variable 
reduction u -< w of w such that all the finite reductions of u in the set Wt(E) are 
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monochromatic under xi and all the finite variable reductions of u in the set W^(£;i>) 
are monochromatic under X2 ■ 

The proof of this result is closer to the method employed by us in proving Schreier 
type extensions of Hindman's and Milliken- Taylor's theorems in jFNj . which in turn is 
inspired by the method invented by Baumgartner to prove Hindman's theorem in jBj; 
in particular, we do not use topological dynamics (as employed in |FK1| ) or idempotent 
ultrafilters (as employed in [Cj, |BBHj ). Some consequences of the Main Theorem are 
described in Section 2. Beside the Carlson and the Furstenberg-Katznelson theorems, 
Schreier-type extensions of the Hale-Jewett's theorem ([EQ]) and consequently of the van 
der Waerden's theorem ( jvdWj ) are obtained. 

Theorem A is next used, in conjuction with the tools developed in Section 3, one of 
which is a suitable Cantor- Bendixson index, to strengthen Carlson's infinitary theorem 
(Theorem 10. 3|) to various forms of Nash- Williams type partition theorems for words 
and variable words, involving Schreier families. A somewhat weaker version of our main 
results ( Theorems 14 . 2[ |4~4"|) is contained in the following statement, which also strengthen 
Theorem 10.31 (see Remark |4.fij) . 

Theorem B. Let Q C W <U (Y,) and T C W <u (Y,;v) be trees and w G W u (E;v) be an 
infinite sequence of variable words over S; then either there exists a variable reduction 
u -< w of w such that all the finite reductions of u over S are contained in Q or there 
exists a countable ordinal ^\ = C? such that for all £ > £i there exists a variable reduction 
u -< w of w such that all the finite reductions of u in the set W*(£) are contained in the 
complement of Q . 

Furthermore, either there exists a variable reduction u -< w of w such that all the finite 
variable reductions of u over S are contained in JF or there exists a countable ordinal 
£2 — such that for all C, > £2 there exists a variable reduction u -< w of w such that all 
the finite variable reductions of u in the set W^^v) are contained in the complement 
ofT. 

Theorem B is strengthened, involving the Ellentuck topology in Theorem 15.21 A 
simple consequence of Theorem 15.21 is the characterization of completely Ramsey parti- 
tions of W U (Y*) and iy u (E; v) in terms of the Baire property in the topology %e, a result 
proved with different methods by Carlson in (d- 

Let us remark at this point that the attractive alternative approach to Ramsey theory, 
via located words rather than 'classical' words, given by Bergelson-Blass-Hindman in 
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[BBFTJ , also admits of a Schreier-type extension, analogous to the one given in the present 
paper. The details will appear elsewhere. 

The extended Ramsey theory developed in the present paper is a more powerful tool 
than the 'classical' Ramsey theory in that Schreier sets of all countable-ordinal orders 
capture a considerable part of Analysis, which is beyond the reach of the arithmetically 
oriented 'classical' Ramsey theory. This is attested by the fact that the Schreier families 
have found essential applications in Banach space theory on such questions as, for exam- 
ple, unconditionality, I 1 and c embeddability, and distortion (see e.g. [FT], [U], jXGR , 

It is also noteworthy that the hereditary family (A^)* = {t G [N] <UJ : t C s for some 
s G Aui} U {0} generated by A u figures prominently (under the name of the family 
of "not large" sets) in fundamental questions of mathematical logic, specifically in the 
(Ramsey type) Paris-Harrington statements, statements true and provable in set-theory 
but unprovable in Peano arithmetic (cf. |PH| . |KSj and |GRSj . pp. 169-180). The higher 
order hereditary Schreier families {A^)* might well be useful in forming and proving 
statements true but unprovable in certain systems endowed with induction stronger than 
that in Peano arithmetic. 

The fact that Carlson's and Furstenberg-Katznelson's partition theorems have found 
important applications in various branches of Mathematics, including Ramsey ergodic 
theory, such as in the proof of the density version of the Hales- Jewett theorem by Fursten- 
berg and Katznelson in |FK2j . and the deep relations that exist between Ramsey ergodic 
theory and the exciting methods developed by Green and Tao in |GTj on the existence 
of arbitrarily long arithmetic progressions of primes, make it reasonable to expect that 
the Schreier-type extension of Ramsey theory presented in this paper will find interesting 
applications. 



1. TERMINOLOGY AND NOTATION 

We develop in this section the necessary terminology and notation. We denote by 
N = {1, 2, . . .} the set of natural numbers, [N]>q t ne set of all non-empty, finite subsets 
of N, [N} <UJ = [N]<£ U {0} and [Nf the set of all infinite subsets of N. 

Let E be a finite, non-empty alphabet, and v £ an entity which we call a variable. 
A word over £ is a finite sequence of elements of S. The set of all the words over £ is 
denoted by VF(£) ; thus 

M^(£) = {w — a%. . . ctk : k G N, a%, . . . , G £}. 
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W(E) is turned into a semigroup by the operation of concatenation: the concatenation 
of two words w± — a± . . . a^, w 2 — Pi ■ ■ ■ Pi over E is defined to be the word 

w 1 * w 2 = ai . ..a k ft ...ft. 

For two words W\ — a± . . . a k , w 2 — Pi ... Pi over E we write 

Wi oc w 2 iff k < I and ctj — ft for i — 1, . . . , k, 

and in case w\ oc w 2 we set w 2 — w± = p k +i ■ ■ ■ Pi G W(E). 

A variable word over E is a word over SU{u} in which v actually appears. So, the 
set W(T,;v) of variable words over E is defined as 

W(E; u) = W(E U {v}) \ W{T). 

We note that the concatenation of two variable words is also a variable word. If w is a 
variable word over E and a G SU {-l>} then we write u>(a:) for the result of replacing every 
occurence of the variable v in w by a. Thus w(a) G W(E) for a G S and w(i>) = w. 
For two variable words w\ = a,\ . . .a,k,w 2 = ft . . . ft over E we write 

Wi oc W2 iff fc < I, on = Pi for % = 1, . . . , k and w 2 — u>i = . . . Pi e W^(S; v). 

We denote by W^ <a; (E) the family of all finite sequences of words over the alphabet E, 
by W U (E) the family of all infinite sequences of words over E and by W^ <W (E; v ), W^(E; t>) 
the families of all finite, infinite sequences of variable words over E respectively. Hence, 

W <u (Ti) = {w = (w u ...,w l ):leN,w 1 ,...,w l e W(Y,)} U {0}, 
W <U (E; v) = {w = . . . ,wi) : I eN,Wi, . . . ,wi e W(E; t,)} U {0}, 
W U (E) = {w= (w n ) neN : u>„ G H/(E) for every n G N}, 
W^(E; d) = {w = (w n ) neN : w n G W^(E; for every n G N}. 

The complexity of a finite sequence w = (w\, . . . , wi) G W^ <W (E U {v}) \ {0} of words, 
with Wi = a^a^+i ■ ■ ■ &k i+1 -i for i — 1, ...,/, is described by the complexity of the corre- 
sponding finite sequence of natural numbers 1 — ki < • ■ ■ < ki < ki + i G N, a complexity 
that will be described by the Schreier hierarchy; we thus define the correspondence 

d : W <U >(Y> U v) \ {0} -> [N] <u} such that w = ( Wl , . . . , w,) -> d(w) 

with d(w) = if / = 1, and d(w) — {k 2 < k 3 < • ■ • < k t } if I > 1. 

Analogously, for every infinite sequence w = (ii>„)neN G W W (E U {f }) of words, with 
w n = 0-k n O-k n +i ■ ■ ■ Oik n+1 -i for all n G N, the corresponding complexity is described by 
the complexity of the infinite sequence 1 = k\ < k 2 < k% < ■ ■ ■ G N of natural numbers; 
we thus define the correspondence 

d : W U (E Uii)^ [Nf with d((w n ) neN ) = (k 2 < k 3 < ■ ■ ■ < k n < ■ ■ ■ ). 
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A finite sequence w = (wi, . . . , wi) G VF <W (E U {v}) is an initial segment of the finite 
sequence u = (u±, . . . , u k ) G W <UJ (T, U {v}) iff I < k and ttj = Wi for i = 1, . . . , / and w 
is an initial segment of the infinite sequence u = (ii n )neN G W U (H U {v}) if U; L = for 
all i = 1, . . . , /. In these cases, extending to sequences the previous notation for words, 
we write w oc u or w oc u, and we set 

u \ w = (ui +1 , ...,u k ) and u \ w = (w„)„>z respectively. 

Definition 1.1. (1) (Reduction of an infinite sequence of words by a word) For an infinite 
sequence w = (u> n )ngN G W^(E; v) of variable words and for a (variable or non-variable) 
word t — ol\ . . . a k G W(S U {v}) (over the alphabet E), we set 

iu[f] = wi(ai) * ... * w fc (a fc ) G W(E U {u}). 

The family of all £/ie reduced words and the family yi?VF(w) of all the variable 

reduced words of w over E are defined as follows: 

RW(w) = {w[t} : t G and VRW(w) = {w[t\ : t G W(E;v)}. 

For -ui = w[ti],U2 = w[t 2 ] G RW(w) (resp. Mi,M2 G Vi2W(w;)) we write 

Ui oc -u 2 iff ti oc t 2 - 

(2) (Reduction of an infinite sequence of words by a finite sequence of words) For an infinite 
sequence w = (w n ) n ^ G ^(E; v) of variable words and for a finite sequence of (variable 
or non-variable) words t = (ti, . . . ,t t ) G W^ <w (SU{t;})\{0}, with ^ = a kt a kl+ i ■ ■ ■ a ki+1 -i 
for all i — 1, ... ,1, we set 

w[t] = (ux, . . . , u,) G VF <a; (E U {t;}) where 
Ui = w fcl (a fc J * w ki+1 (a ki+1 ) * ... * w fci+1 _i(a fci+1 _i) for alH = 1, . . . , I. 

Also we set w[$] = 0. The finite sequences of words w[t] for t G W <U (T) are called finite 
reductions of w over E and the finite sequences of variable words w[t] for t G VF <W (E; v) 
are called /zmie variable reductions of w over E. The set of all the finite reductions and 
the set of all the finite variable reductions of w over E are denoted as follows: 

RW <w (w) = {w[t\ : t G W <u) {^)} and VRW <u) (w) = {w[t\ : t G W <UJ (E;v)}. 

We set 

da : RW <u) {w) U VRW <u) (w) \ {0} -> [N] <w with da(w[i\) = d(t). 

Observe that RW <UJ (e) = W <IV (Z), VRW <LV (e) = W <UJ {^v) and dg = d if e = (e n ) neN 
with e n = f for every nGE Note also that it is not always true that <i^(u) = d(u) for 
every u G iW <w (w). 
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(3) (Reduction of an infinite sequence of words by an infinite sequence of words) For 

an infinite sequence w = (u>„)neN £ W w iT,\v) of variable words and for an infinite 
sequence t = (t n ) n€N G W U (H U {v}) of (variable or non-variable) words, with t n = 
a kn a kn+ i . . . aifc„ +1 -i for all n G N, we set 

= K)neN e^fSU {t;}) where 
«n = Wfc„(«fe„) * w fcn+ i(a fcn+ i) * ... * w fcn+1 _i(a fcn+1 _i) for all nGN. 

An infinite sequences of words w[t\ for i G W^E) is called a reduction of w over E 
and for t G W^E; u) a variable reduction of w over E, respectively. The sets of all the 
reductions and all the variable reductions of w over E respectively are denoted as follows: 

RW u (w) = {w[t\ : te W(E)} and VRW^iw) = {w[t\ : te W u (Y.;v)}. 

For u,w G W^iT,; v), we write 

u<w'\i and only if u G VRW"(w). 

Notice that u -< w if and only if ViiW(-u) C Vi2W(iu). Hence, w -< e for every 
■u? g 1^ <W (E; -u) in case e— (e„) neN with e n = v for every nGN. We define 

da : U ^W(w) -> [N] w with d^(w[i\) = d{t). 

(1*) (Reduction of a finite sequence of words by a word) For a finite sequence w = 
(u>i, . . . , u> n ) G W <W (E; t>) of variable words over the alphabet E, we define the sets 

RW((w 1: . . .,w n )) = {u>i(«i) * ... * w n (a n ) :ai...a n e W(E)} and 

VRW((w!, w n )) = (tui(aii) * ... * w n (a n ) :«!...«„£ W(Y,\ v)}, 

of all the reduced words and variable reduced words, respectively, of (wi, . . . ,w n ) over E. 

Notice that RW((w\, . . . ,w n )), VRW((wi, . . . ,w n )) are finite sets and that for a se- 
quence w = (w n ) nen G W u (T,;v) we have that RW(w) = \J{RW(w 1 , . . . ,w n ) : n G N} 
and VRW{w) = \J{VRW(w l7 . . . , w n ) : n G N}. 

(2*) (Reduction of a finite sequence of words by a finite sequence of words) For a finite 
sequence w = (w 1: . . . , w n ) G W <u) (T 1 \v) of variable words over the alphabet E, we 
define analogously the families RW <UJ (w) and V RW <u (w) of all finite reductions and 
variable finite reductions, respectively, of w over E. So, (ui, . . . ,ui) G RW <UJ (w) if there 
exists t = (ii, . . . , t t ) G W <uj (Tj), where ^ = a fci a fct+ i . . . a ki+1 -i for alH = 1, . . . , / and 
h+i — n + 1, such that 

Ui = w ki (a kl ) * w ki+1 (a ki+1 ) * ... * w ki+1 - 1 {a ki+1 - 1 ) for i = 1, . . . , I. 

We set d w (u) = {fc 2 , • • • , 
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In the sequel we will also employ the following notation. For the families Q C W <W (J2), 
T C W <UJ {T,- v) and the words s G W(£), i G W(E; u) we set 

C/(s) = {w G W <W (T,) : either w = (u>i, . . . ,wi) ^ 0, s oc W\ and 

(s, Wi — s, W2, • • • , tl>j) G Q or w = and (s) G and 

jF(t) = {w G W^^E; t;) : either w = (w%, . . . , W[), t oc Wi and 

(t, Wi — t, w 2 , • • • , W[) G J 7 , or w = and (t) G JF}. 

Also, 

(/ — s = {w G Q : either w = (wi, . . . , and s oc W\, or w = 0} and 

T — t = {w G J 7 : either w = (wi, . . . , wj) and i oc w±, or w = 0}. 

For the sequence w = (w n ) ne i G W u (Ti)v) and the words t G Vi2VK(iu), s G RW(w)) 
with t G Vi2VT((i(;i, . . . , Wk)) and s G RW((wi, . . . , ?%)) for some k G N, we set 

w - t = (w , w k+2 , w k+3 , . . .) G Vi2W w (it;), where u? = i * w k+1 , and 
^ - s = (w , w k+2 , w k+3 , . . .) G Vi^W"^), where w = s * w k+1 . 

Also, we set w \ t = w \ s = (w k+ i, w k+2 , . . .) G W £J (S; v). 

2. The main partition theorem on Schreier families 

The main theorem of this section is Theorem 12.31 given in equivalent form in Theo- 
rem 12.61 this is a partition theorem for the Schreier finite sequences of words and the 
Schreier finite sequences of variable words over a finite non-empty alphabet E of every 
countable order, and constitutes an extension to every countable order £ (a) of Carlson's 
theorem, Theorem 10.11 corresponding to ordinal level £ = and (b) of Theorem 10.21 
proved by Furstenberg and Katznelson, corresponding to finite ordinals £ < u. 

In order to state Theorem 12.31 we need the following definitions: 

Definition 2.1 (The Schreier systems (W^(T,)) ^ <LJ1 and (W^(E; v))o<«un.)- Let (A^)^ <UJ1 
be a Schreier system of families of finite subsets of N and £ be an alphabet. We will 
define the families W^(E) and W^(E; v) of the Schreier finite sequences of words and of 
variable words over E respectively, for every countable ordinal £ recursively as follows: 

W°(£) = {w = (wi) : W! G W(T,)} and W°(E; v) = {w = (wi) : w 1 G v)}, 

and for every countable ordinal £ > 1 

H/«(E) = {w = (w u . . . , w{) G : . . . , wi)) G and 

W*(£; v) = {w = W<"(£; u) : . . . , wi)) G 
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For an infinite sequence w = (w n ) ne ^ G >V u (S;d) of variable words over E, we define 
the families of Schreier finite reductions and of variable reductions of w over E as follows: 

RW°(w) = {u= ( Ul ) : ux G RW(w)} and VRW°(w) = {u = {u x ) : m G VRW(w)}. 

and for every countable ordinal £ > 1 

RW^(w) = {u = (m, ...,ui) G RW <u) (w) : . . .,«*)) G ^}; and 

VRW*(w) = {u = . . . , ui) G W <U H : ^((Wi, . . . , «,)) G ^}. 

Hence, a finite sequence w G VK <W (£) of words over £ belongs to the family W^(E) 
for some 1 < £ < U\ iff w = . . . , w;) with / > 1 and there exist 1 = fci < ■ ■ ■ < 
h < fcj.fi G N with {fci : 2 < i < /} G A% and cui, . . . , \ G £ such that U7j = 

a^a fci+ i . . . a fci+1 _i for all i = 1, . . . , I. 

Observe that w = (w) G W°(£) for every w G W(£), while w = (w) ^ W^(£) for 
every £ > 0, also that W^T.) = RW^(e) and = KRW^(e) for every countable 

ordinal £, in case e = (e n ) ng N with e n = v for every n G N and that it is not true that 
Vt^(E) = RW*(w) for every w G W/ w (£; u). 

The following proposition justifies the recursiveness of the Schreier systems (W^(£))o<£<wi 
and (W*(£;i>))o<£< wl . 

Proposition 2.2. For even/ countable ordinal £ > t/iere exists a concrete sequence 
(£n)n>i o/ countable ordinals with £ ra < £ /or ever?/ n e I, 1 <n snc/i t/tat 
W^(£)(s) = W^"(£) n (iy <w (E) - s) and W { (E;u)(t) = W^(E; u) n (H/ <W (E; u) - t) 

for every n G N, 1 < n and s = ot\ . . . a n _i G W(T,), t — (3\ . . . f3 n -i G W(£] v). 

Moreover, £ n = ( for every n G N in case £ = ( + 1 and (£ n ) is a strictly increasing 
sequence with sup n £ n = £ in case £ is a Zimit ordinal. 

Proof. According to Proposition 1.7 in |F3j . for every countable ordinal £ > there exists 
a concrete sequence (£ n ) of countable ordinals with £ n < £ such that 

^(n) = -A fn n [{n + 1, n + 2, . . .}] <£J for every n G N , 

where, ^(n) ={s£ [N] <w : {n} < s, {n} Use A%} for every n G N. 

Moreover, £ ra = C f° r every nGNif£ = C + l and (£ n ) is a strictly increasing sequence 

with sup n £ n = £ if £ is a limit ordinal. 

Let n > 1 and s = «i . . . a n _i G W^(£), t = Pi . . . fi n -\ G VF(E; v). We will prove that 
W^(£)(s) = iy §n (E) n (PF <1J (£) - s) for every countable ordinal £ > 0. Similarly can be 
proved that H^(£; = W* n (E] v) fl (W <w (£; u) - t) for every < £ < wi. 
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For f = 1, of course W" 1 (S)(s) = W°(E) n (H/ <W (E) - s). Let 1 < f < ^. Then 

£ W«(E)(s), since if G W*(E)(s), then (s) G W*(£) for £ > and of course £ 
W***(£) for every < £„ < u x . Let w = (w u ...,w{)e W <UJ {^) \ {0}. Then there exist 

1 = k-i < ■ ■ ■ < ki < ki+i G N and ati, . . . , otk l+1 -i G E such that Wi = a ki a ki+1 . . . a kl+1 -i 
for alH = 1, . . . , /. 

If w G W*(£)(s), then s cc Wi and (s,Wi —s,...,wi) G W^(£). In case I > 1 we 
have that n < k 2 and that {n, ki, ■ ■ ■ , h} G A%. So, {k 2 , . . . ,ki} G ^ n and consequently 
(wi,w 2 ,...,wi) G W*»(E) n (W <U> (Z) -s). In case w = {w x ) G W^(£)(s), we have that 
socwi and {s,w\ — s) G W^(£). Thus {n} G .4.^ and consequently G This implies 
f n = and indeed w G W^"(£) n (W <w (£) - s). 

If w = (iui,...,«;,) G W^»(E) n (Vy <a, (E) - s) and / > 1, then {k 2 , . . . , h} G „4 €n n 
[{n + 1, n + 2, . . .}] <w C ^(n). Hence, {n, fc 2 , . . . , fcj} G so (s, t«i — s, . . . , w k ) G 
W^(E) and consequently w G W^(£)(s). If w = ( Wl ) G W^"(£) n (H/ <w (£) - s), then 

= and consequently {n} G Hence (s,Wi - s) G W^(E) and w G W € (£)(s). □ 

Now we can state and prove the main theorem of this section. 

Theorem 2.3 (A partition theorem on Schreier sets of words). Let £ be a countable ordinal 
and E a finite non-empty alphabet. For every Q C W <u) {lu), T C Vr <CJ (E; i>) and every 
infinite sequence w G lf w (S; v) of variable words over E there exists a variable reduction 
u -< w of w over E such that : 

either W^(E) n RW <w (u) C g or W^(£) H iW <w (w) C W <w (£) \ Q, and 

either W*(E;v)nVRW <w (u) or#(E;u)n W <u («) CW <w (S;d)\J. 

For the proof of this partition theorem we will make use of a diagonal argument, 
contained in the following lemmas. 

Lemma 2.4. Let w = (u> n )„ e N G W u (E;v) be an infinite sequence of variable words over 
the alphabet E and U± — {(s, u) : s G and u -< w \ s}. 

If a subset 7Z of Hi satisfies: 

(i) for every (s,u) G Hi there exists (s,ui) G 7Z with Hi -< u; and 

(ii) for every (s, Ui) G 1Z and u 2 -< U\ we have (s, u 2 ) G 1Z, 

then there exists u -< w such that (s, s) G 1Z for all s G RW(u) and s -< u\s. 

Proof. Let Uq = W\ and u = w. According to conditions (i) and (ii), there exists 
U\ = (ul) n (zfq G W UJ (T l ;v) such that U\ -< w\uq and (uo(a),Ui) G 1Z for every 
a G E. Let U\ = u\. Then (u ,Ui) G yi?py <w (w). We assume now that there 
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have been constructed Ui,...,u n G W^^v) and u , Ui, ...,u n G W(H',v) such that 
(«o,Mi, • • • ,u n ) G V RW <u3 {w), Ui G V^TM^Wj), Mj -< Ui-\ \ Ui-i for each 1 < i < n and 
(s, Uj) G 72 for all s G RW((u , . . . , and 1 < i < n. 

We will construct u n+ i and w n+ i. Let RW ((wo, ■ ■ ■ , w„)) = {sj, . . . , Sk} for some fceN. 
Then (sj, u) G 111 for every u -< u n \u n and z = 1, . . . , A;. According to condition (i), there 
exist ■u^_|_ 1 , . . . , G W^E; u) such that u^ +l -<■••-< tt* +1 -< u n \u n and (sj, G 72. 

for every 1 < i < k. Set u n +i = If w n+ i = (-u™ +1 )j e N, then set = 

Of course tt n+ i -< u n \u n , u n+ i G Fi2VF(w n+ i), (ito, Ui, . . . , u n+ \) G V RW <U) {w) and, 
according to condition (ii), u n+1 ) G 72 for all 1 < i < k. 

Set u = (u , ui, u 2 , . . .) G ^(E; u). Then u ~< w, since (w , M i, ■ ■ ■ , it n ) G VRW <UJ (w) 
for every n G N. Let s G 7?W / (m) and s -< u \ s. Then there exists n G N such that 
s G -RW / ((mo, ui, ■ ■ ■ , u n )). Thus (s, u n +i) G 72 and, according to (ii), (s, u\s) G 72, since 
■u \ s -< u n+ i- So (s, s) G 72, since s -< u\s. □ 

Lemma 2.5. Le£ w = (u> n ) n eN G VK W (£; fre an infinite sequence of variable words over 
the alphabet £ and U 2 = {(t, u) : t G V-RVT(w) and -u -< w \ £}. 
// a subset 72 o/ n 2 satisfies: 

(i) /or every (£, u) G n 2 t/iere exists (t, ui) G 72. u>^/i Mi -< u; and 

(ii) /or every (t, U\) G 72 and u 2 -< U\ we have (t,u 2 ) G 72, 

£/ien there exists u -< w such that (t,t) G 72 for all t G VRW(u) and t -< u\t. 

Proof. Let u = W\ and u = w. According to condition (i), there exists U\ = (ul) neN G 
W u (H;v) such that U\ -< w \ u and (u ,ui) G 72. Let u\ = u\. Then (u ,ui) G 
VRW <UJ (w). The proof can be continued analogously to the proof of Lemma [2.41 □ 

We are now ready to prove Theorem 12.31 

Proof of Theorem,^ Let Q C W <U) (Y>), T C W <£J (E; u) and uJ = (w n )„ a G W(£; i>). 
For £ = the theorem is valid, according to Carlson's theorem, Theorem 10.11 Let £ > 
be a countable ordinal. Assume that the theorem is valid for every ( < £. 

For every reduced word s G RW(w) of u> over E and every variable reduction u = 
{un)neN ~< w\s of w\s over S is defined the variable reduction u s = (s * U\, u 2 , ■ ■ •) -< w 
of w over S. So, we can define the following set 

72i = {(s,m):s£ i?iy(w), u ^ w\s and 

either W^(X)(s) n W <w (u s ) C (^ n RW <w (w))(s) 

or W f (E)(s) n RW <lv (u s ) C W^ <W (S) \ (^ n W <w (w))(s)}. 
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Of course IZi C III = {(s,u) : s G RW(w) and w -< w \ s} and obviously 7?-i satisfies 
the conditions (ii) of Lemma 12.41 We will prove that 7Zi satisfies also the condition (i) 
of Lemma 12.41 

Let (s,u) G III. Then s G RW{w) C W(S), hence s = a.\ . . . a„_i for some n G N 
with n > 1 and otx, • • • , a n -i G E. According to Proposition 12. 2[ there exists £ n < £ such 

that w^{t){s) = w^*(e) n (iy <w (s) - s ). 

If u = (w n )neN -*< w \ s, then w s = (s * w 2 , •••)-< w. Using the induction hypothesis, 
there exists a variable reduction u 1 = (w^neN -< u s of w s over S such that 

either W*«(E) n W^u 1 ) C (0 n RW <LV (w))(s) 

or n ^(m 1 ) c w <w (z) \(gn rw <w (w))(s). 

Then 

either W*(£)(s) n flW^iZ 1 ) C (Q n W <w (w))(s) 

or W^(E)(s) D iW^u 1 ) C IU <W (S) \ (G n iW <w (w))(s). 

Since w 1 = (it*) ng jj -< u s , we have that s oc so we set U\ = (u\ — s,u\, . . .). Then 
u\ -< u -< w \ s and (ui) s = u 1 . Thus (s, ui) G 7?i. Hence, 7?.i satisfies the condition (i) 
of Lemma 12.41 

According to Lemma l2~4l there exists W\ = (w*) ne N -< w such that (s, s) G TZi for all 
s G i^W^i) and s -< Wi \ s. Thus, for every s G i?I^(wi) and v = (v n ) ne ^ -< Wi — s, 
setting v\ = {v\ — s, v%, . . .) we have that (s, vi) G TZi and, since (vi) s = v we have that 

either W*(£)(s) n RW <UJ (v) C (£ n RW <w (w))(s) 

or W*(£)(s) n RW <w (v) C H/ <W (S) \ (0 n J RH/ <w (w))(s). 

Now, defining analogously for every variable reduced word t G VJiW'('ijUi) of W\ over £ 
and every variable reduction u = (w n )neN -< w\ \ t of Wi \ t over E the variable reduction 
u t = (t * Ui,u 2 , ■ ■ .) -< W\ of Wi over E, we can define the set 

TZ 2 = {(t, u) : t G Vi2W(wi), u -< w x \ t and 

either W*(E;v)(t) H FiW <£J (u t ) C (f n W <u (w))(t) 

or W*(£; n VRW <UJ (u t ) C W/ <w (£; u) \ n WW <w (w))(i)}. 

Then 7?.2 C n 2 = : f G V RW (wi) and u -< Wi \ t} and TZ 2 satisfies the condition 

(ii) of Lemma 12.51 

Let (t,u) G n 2 . Then t G VRW(w x ) and t = ft . ..ft-i e W(E;v) for some n G N 
with n > 1 and ft, ... , ft_i G E U {v}. According to Proposition 12. 2| there exists £ n < £ 
such that W*(£;i/)(*) = W* n (E;v) n (H/ <W (S; u) - 1). 
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If u = (^n)neN -< Wi\t, then u t = (t*u 1 ,u 2 , ■ ■ .) -< Wi- Using the induction hypothesis, 
there exists a variable reduction u l = ) neN -< u t of u t over E such that 

either W* n (E;v) H W^Jm 1 ) C (f n VM <u («)))(t) 

or W^»(E; u) n VRW<"{u l ) C W <W (E; u) \ (Fn VW <1J (u?))(t). 

Then 

either W*(£;u)(t) n W^^) C (F n VRW <UJ (w))(t) 

or W^(E; n VRW<"{u l ) C H/ <W (E; u) \ (Ffl VW <w (u?))(*). 

Seting Ui = (izj — t, ti^i • • •) we have that u\ -< u -< W\ \ t and that (t, u\) G 1Z 2 . Hence, 

1Z 2 satisfies also the condition (i) of Lemma 1231 (replacing w by wi). 

According to LemmaEHl there exists w 2 = (w^) ne ^ -< w\ -< w such that (t, i) G TZ 2 for 

all t G VRW(w 2 ) and f-< w 2 \t. Hence, for every s G RW(w 2 ) C W(uJi), t G yM(«j 2 ) 

and i?i -< ?Z>2 — s -< u»i — s, v 2 -< u>2 — t we have 

either W/ € (S)(s) n RW <UJ {vt) C (0 n i?H/ <w (u7))(s) 

or W^(E)(s) n i?H/<"(wi) C H/ <W (S) \ (0 n iW <w (tt7))(s); and 

either W*(E;u)(t) n VRW <LU (v 2 ) C (f n W <u («)))(t) 

or W*(I!;u)(t) n WZW^iTa) C iy <w (E;t;) \ (F n yW <a, (w))(t). 

Let 

6?! = {s G i2W(w 2 ) : W^(E)(s) n RW <UJ (w 2 -s)C(gn iW <w (uJ))(s)} and 

Fi = {t G FW(«J 2 ) : W*(E; fl ^W <£J (u> 2 -t)Q(Fn VRW <UJ (w))(t)}. 
We use the induction hypothesis for £ = ( Theorem 10.1)1 . Then, there exists a variable 
reduction u -< w 2 of ?Z>2 such that : 

either C Q x or C W{E) \ and 

either VRW{u) C Fi or VW(iZ) C W(E; u) \ F x . 

Since ft -< w 2 , we have that RW{u) C W(u? 2 ) and C ^W(w 2 ). Thus 

either W^(E)(» n iW <w (u - s) C (£ n i*W <h, (iu))(s) for every s G 
or Wt(i:)(s)r)RW <w (u-s) C H/ <w (S)\(^ni?H/ <w (u7))(s) for every s G 
and 

either (E; u) (£) nVRW <tJ (u-t) C (FnFW <a, (ut))(t) for every t G V72W(u) 
or W«(E;u)(t) n Vi2W <h, (iZ - t) C W <UJ {Y,;v) \(f fl ViW <1J (™))(t) for every 
t G Vi2W(iZ). 

Hence, 

either W^(E) n iW <w (w) C Q or W^(E) n iW <w (w) C W <UJ {£) \ Q, and 
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either W^(E; v) n yflW^u) C ^ or W^E; u) n VRW <w (u) C iy <w (E; u) \ J=\ 

□ 

We next give a more general statement of Theorem 12 .HI 

Theorem 2.6. Let £ be a countable ordinal, and wq G W tJ (E;t;) 6e an infinite sequence 
of variable words over a finite, non-empty alphabet E. For any finite colorings xi '■ 
RW^(w ) -> {l,...,n} and X2 : W^«?o) -> {l,...,r 2 } 0/ toe sefe W e (w ) and 
VRW^{wq) respectively and any variable reduction w -< wo of vJq over E there exists a 
variable reduction u -< w of w over E such that all the finite reductions of w over E in 
the set RW*(w ) are monochromatic under Xi and all the finite variable reductions of w 
over E in the set VRW^{wq) are monochromatic under X2- 

Proof. Let / : W <LV (E U {v}) -> RW <UJ (w ) U VRW <u (w ) with /(s) = w [s]. Given 
the finite colorings Xi '■ RW^{wq) — > {l,...,ri} and X2 : VRW^(w ) — > {l,...,r 2 } 
are defined the finite colorings ^1 : W <W (T>) — > {l,...,ri} where ^/>i(s) = Xi(/(s)) in 
case s G W^(E) and ipi(s) = 1 otherwise and ip2 '■ W <u (Tl'v) — > {1, ...^2} where 
^2 CO = X2(/(t)) in case t G W^(£; v) and ^(t) = 1 otherwise. 

For a given w -< wq there exists f G W aJ (E;t;) such that nJ = Wo[t\. According to 
Theorem 12. 3| there exists a variable reduction t\ -< t of t over E such that the set 
ty ? (E) n W <a; (fi) is monochromatic under Vi and the set W^(£;i>) n V-RW^C*!) is 
monochromatic under ip 2 - Set u = Wo[tx] -< w. Then the set RW^(w ) fl RW <w {u) is 
monochromatic under Xi arid VRW^(wq) fl V-RW <a, (tt) is monochromatic under \i- ^ 

We recall that in case wq = e = (e n ) nS N with e n = v for every n G N all the infi- 
nite sequences of variable words over E are variable reductions of vJq over E and that 
RW*{wa) = W^(E), VRW*{wo) = W^(E;v) for every < £ < u x . In this case Theo- 
rem 12.61 is indentified with Theorem A referred to the introduction. 

For k G N and u G W w (E;i;) we have that W k (Y) n RW <UJ {u) = RW k {u) and 
W k (E;v) n ^W <£J (u) = V^RW^n), hence Theorem EE1 in case f = fc G N implies 
Theorem 10.21 which essencially has be proved by Furstenberg and Katznelson in |FKlj 
(Theorems 2.7 and 3.1). 

The following theorem is a finitary consequence of Theorem 12.61 It follows from The- 
orem ESI using a compactness argument. We will need the following notation to state 
it. For a word w = a± . . . ai over an alphabet E let / be the length of w. We denote by 
W/(E) the set of all words over E with length I. For a countable ordinal £, we denote by 
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the set of all finite sequences of words in W^(E) such that the sum of the lengths 
of their words is equal to M. 

Theorem 2.7 (Extended Hales-Jewett theorem). For every r,n, k 6 N, E a finite, non- 
empty alphabet of k elements and £ a countable ordinal there exists M = M(r, n, k, £) 
such that for every r-coloring o/iy| f (£) there exists a finite sequence w = (w\, . . . , w n ) of 
variable words over £ all of whose the finite reductions over £ in H^-(E) are monochro- 
matic. 

The classical Hales-Jewett theorem ( |H.Tj ) . is a trivial consequence of the case £ = 0, 
n = 1. Since van der Waerden's theorem ( fvdWj ) may be obtained as a corollary of the 
Hales-Jewett theorem, Theorem 12.71 can be used to obtain a corresponding extention of 
van der Waerden's theorem. 

Furstenberg and Katznelson in |FKlj introduced the notion of a /c-dimensional combi- 
natorial subspace of W^E) for k G N and proved (in Theorem 3.1) a partition theorem 
about these combinatorial subspaces. Theorem 12 . 31 implies an extension of this partition 
theorem to every countable ordinal. Let give the neccesary notation. 

Let £ be a finite, non-empty alphabet. A finite- dimensional combinatorial subspace 
[w] of VF(£) is defined by a finite sequence w = (w\, . . . ,w k ) G W <w (£;t;) of variable 
words over E as follows: 

[w] = RW((w!, w k )) = {wi(«i) * ... * w k (a k ) a k G £}. 

In the same way an infinite- dimensional combinatorial subspace [w] of W(Y>) is defined 
by an infinite sequence w = (w n ) nS N G W^E; v)} as follows: 

[w] = RW(w) = {wi(a{) * ... * w k {a k ) : k G N, «i, . . . , a k G £}. 

A finite (or infinite)-dimensional combinatorial subspace of W(S) contained in an 
infinite-dimensional combinatorial subspace [w] of W(E) is called a finite (or infinite)- 
dimensional combinatorial subspace of [w]. It is not hard to check that a finite-dimensional 
combinatorial subspaces of [w] is of the form [u], where u G VRW <UJ (w) and that 
an infinite-dimensional combinatorial subspaces of [w] is of the form [u], where u G 
VRW u (w). 

Definition 2.8. Let £ be a countable ordinal. A ^-combinatorial subspace [w] of W(£) 
is a finite-dimensional combinatorial subspace of W(TH) such that w G W^(T,; v) and 
a £- combinatorial subspace [w] of an infinite-dimensional combinatorial subspace [w] of 
W(£) is a finite-dimensional combinatorial subspace of [w] such that w G VRW^(w). 
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The class of ^-combinatorial subspaces of W(E), for fceN, coincites with the class of 
k + 1- dimensional combinatorial subspaces of W(E), while the class of ^-combinatorial 
subspaces of W(T,), for a countable ordinal £ > lu, contains finite-dimensional combina- 
torial subspaces of VK(E) of arbitrary large finite dimentions. Also, observe that although 
for fceN the ^-combinatorial subspaces of [w] are exactly the fc-combinatorial subspaces 
of W(E) contained in [w], for a countable ordinal £ > uj it is not always true that every 
^-combinatorial subspaces of [w] is a ^-combinatorial subspaces of W(E), since it is not 
true that d^w) = d(w) for every w G R <u) (w). 

We will state now a corollary of Theorem 12.31 which extents Theorem 3.1 in FK2 , 
corresponding to finite ordinals £ < u>, to every countable ordinal £. 

Corollary 2.9 (Combinatorial subspaces partition theorem). Let £ 6e a countable ordinal. 
For any finite coloring of the set CS^(E) o/ a// ^-combinatorial subspaces of VV(E) and 
any infinite-dimensional combinatorial subspace [w] of W(E), there exists an infinite- 
dimensional combinatorial subspace [u] of [w] such that all the ^-combinatorial subspaces 
o/W(E) contained in [u] are monochromatic. 

Proof. Given the finite coloring x '■ C5^(E) — > {1, . . . ,r}, is defined the finite coloring 
tp : W^(E;t>) — ► {1, ...,r} with -0(s) = x([ s D- Apply Theorem 12.61 for uJ = (e n )„ 6 N 
with e n = f for every n G N. Then for any w; G W"(E;v), there exists a variable 
reduction w of w over E such that all the elements of the set W^(Ti;v) n V-RW^u) 
are ^-monochromatic. Hence, for any infinite-dimensional combinatorial subspace [w] of 
W(E), there exists an infinite-dimensional combinatorial subspace [tt] of [w] such that all 
the ^-combinatorial subspaces of W(E) contained in [u] are x-monochromatic. □ 

Corollary 2.10. Let £ be a countable ordinal, and Wo G W aJ (E;t;). For any finite col- 
oring of all £- combinatorial subspaces of [wq] and any infinite- dimensional combinatorial 
subspace [w] of wq, there exists an infinite- dimensional combinatorial subspace [u] of [w] 
such that all the ^-combinatorial subspaces of [w ] contained in [u] are monochromatic. 

Using the previous terminology we obtain a generalization of Hales- Jewett theorem to 
higher dimensions, as a consequence of Theorem 12.71 

Corollary 2.11. For every r, n, k G N, S a finite, non-empty alphabet of k elements 
and £ a countable ordinal there exists M = M(r, n,k,£) such that for any r -coloring of 
Hm(E) there exists a monochromatic ^-combinatorial subspace ofW(H). 
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3. Basic properties of the Schreier type families of the finite sequences 

OF WORDS 

This section is preparatory for the results of sections 4 and 5. We prove here (a) the 
thiness of the Schreier-type families of words VV^(E) and variable words v) (Propo- 

sition and (b) the canonical representation of every (infinite or finite) sequence of 
(variable) words over E with respect to the Schreier-type families (Proposition 13. 3J) . Fur- 
thermore we introduce the (strong) Cantor-Bendixson index of a hereditary subfamily 
of the family of the finite sequences of (variable) words (Definition I3.10)) . and we prove 
that the index of the hereditary family generated by the ^-Schreier-type family of finite 
sequences of words is £ + 1 for every countable ordinal £ (Proposition I3.12*j) . In addi- 
tion, in Theorem 13.61 we strengthen Theorem 12.31 in case the partition family is (not an 
arbitrary family but) a tree. 

Definition 3.1. Let E be a finite, non empty alphabet and T C VK <£J (E U {v}) be a 
family of finite sequences of words over SU{d}. 

(i) T is thin if there are no elements s = (sj, . . . , Sk), t = (<i, ...,£*,) G T with s oc t 
(which means that k < I and s$ = U for allz = 1, . . . , k). 

(ii) T* = T U {t G W <w i^ U {v}) : t oc s for some s G J 7 } U {0}. 

(iii) T is a tree if T* = T . 

Proposition 3.2. Let w = (u> n )neN G ^^(E; u) 6e an infinite sequence of variable words 
over an alphabet E. TTie families W^(E;v), W*(£), K-Riy^nJ), are thin for 

every £ < uj\ . 

Proof. It follows from the fact that the families A% of Schreier finite subsets of N are thin 
(which means that if s, t G A% and s is an initial segment of t, then s = t). □ 

Proposition 3.3. Let £ > be a countable ordinal number. 

(i) Every infinite sequence s = (s n ) ne N G W^(E U {v}) of words over E U {v} has 
canonical representation with respect to W^(E U {v}), which means that there exists a 
unique strictly increasing sequence (m n ) n£ N in N such that (s\, . . . , s mi ) G U {r>}) 
and (s n , s mn _ 1+ i, . . . , s m J G iy ? (E U {t;}) for every n> 1, where s n = si * . . . * s^,, . 

(ii) Every nonempty finite sequence s = (si, . . . , S&) G W <W (I! U {v}) of words over 
EU{u} has canonical representation with respect to W^(EU{v}) , which means that either 
SG (W*(£U{v}))*\W*(£U{u}) or there exist unique n G N ; and mi, . . . , m n G N u>rta 
mi < ... < m n < k such that (s 1; . . . , s m J G U {d}) ; (s n , s m „_i+i, ■••,«»„) e 
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U {v}) for every n > 1, where s n = S\ * . . . * s mn _ 1 and in case m n < k, 
(s n +\ s mn+1 , ...,s k )e U {v})Y \^(EU {v}) where s n+1 = Sl *...*s mn . 

Proof, (i) Let £ > and s = (s n ) nS N G W U (H U {v}). Then the sequence d((s n ) ne ^) = 
(k n ) n >2 of natural numbers has canonical representation with respect to A%, which means 
that there exists a unique strictly increasing sequence (m n ) ng N in N so that (/c 2 , • • • , k mi ) G 
At and (k mn _ 1+1 , k mn ) G A^ for every n > 1. Hence, (s 1; . . . , s m J G IU ? (£ U {w}) 
and (s n , s m „_ 1+ i, . . . , s m J G iy 5 (£ U {v}) for every n > 1, where s n = s x * . . . * s™^. 

(ii) Let s = (si, . . . , s fc ) G lU <a; (£ U {w}). Set s n = v for every n G N with n > k. 
The sequence s = (s n )neN G U {v}) has canonical representation with respect to 

W*(H U {v}), according to (i). □ 

According to Proposition I3.3( every finite or infinite reduction (or variable reduction) 
of a sequence w = (w n ) n€ ^ G W w (Y,;v) has canonical representation with respect to 
RW^(w) (or to VRW^(w)), for every 1 < £ < u x . For example u = w[s] G RW <UJ (w) 
has canonical representation with respect to RW^(w), as s has canonical representation 
with respect to W^(E). 

Now exploiting the canonical representation of every sequence of words over S U {v} 
with respect to W^(H U {v}) we will give alternative descriptions of the dichotomies 
described in Theorem 12.31 

Proposition 3.4. Let Q C W <U1 {Y,), T C jy <w (£;i;) and Ze* £ 6e a countable ordinal. 
Then, for every infinite sequence u = (w„) n eN G W u (Y^;v) of variable words over E the 
following are equivalent: 

(i) (£) n W <w (w) C ( resp. H/«(S; v) n \/iW <w (w) Cfj. 

(ii) For ever?/ variable reduction u% of u the unique initial segment s = {u\, . . . , w^J of 
U\ which is an element of W^(E;v) satisfies the property (u\(ax), . . . , u^(a m )) G Q for 
every ax, ... , a m G £ (resp. £/ie property s E F). 

(iii) Given any sequence (u n )nen of infinite sequences of variable words over X such 
that ux -< u and u n+ i -< u n for every n G N and any t n G VRW{u n ) with t n oc t n+ i 
for every n G N, there exists m G N stzc/i i/iai (t\(ai), . . . ,tj„(a m )) G W^T,) fl /or 
every a±, . . . , a m G E ; where t\ = t\ and t\ = U — t i „ 1 for i = 2, . . . , m (resp. such that 

(t\,...,tl n )eWZ(Z;v)nr). 

Proof, (i) =>- (ii). Let u\ = (w^)neN be a variable reduction of u. Using the canonical 
representation of U\ with respect to W^(Tl',v) (Proposition I3.3|) . there exists a unique 
initial segment s = (u\,ul, . . . , it^J of U\ which is an element of W^(H;v). According 
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to (i), • • • , Wm(om))) e W^(E) n iW <w (?2) C Q for every a x , . . . , a m G E (resp. 

s G ^). 

(ii) =>- (i). Let s = (s l5 . . . , s m ) G W^(E) D i?IV <1J ('u). There exist unique sequences 
1 = fei < • • • < k m < k m+l G N and aci, . . . , a fcm+1 _i G E such that s; = u kx (a ki ) * . . . * 
M fci+1 _i(a fei+1 __i) for all % = 1, . . . ,ra. Set u- = M fei (t>) * u fci+ i(a fci+ i) * ... * 
for all i = 1, . . . , m and w^+j = u km+1 -i+i for every i 6 N. Then the sequence u\ = 
(zt*) ne N G ^(S; is a variable reduction of u and (rxj, . . . , w^) G W^(E; u). According 
to (ii), we have that s G Q. 

If t = (ti, . . . ,t m ) G W^(H;v) fl l / i?W /<a; ('u), then t is the unique initial segment of a 
variable reduction u\ of u, hence, according to (ii), t G T. 

(ii) =>■ (iii). Let a sequence (w n ) ne N of infinite sequences of variable words over E such 
that u\ -< u and M n+ i -< u n for every n G N and £ n G VRW{u n ) with i„ oc i n+ i for 
every n G N. The sequence i = (^) n eN with t\ = t\ and t\ = t n — t n -i for n > 1 
is a variable reduction of u, hence, according to (ii), there exists m G N such that 

G W«(E;u) and (tj(ai), . . . , *i,(a m )) G VP*(E) fl £ for every ai, . . . , a m 6 E 
(resp. and (t\, . . . , t^J G T). 

(iii) =>- (ii). Let a variable reduction wi = (w*) ng N of u. Use (iii), seting u n = u\ for 
every n G N and i n = * . . . * u\ for every n G N. □ 

We will give now an alternative description for the second horn of the dichotomy proved 
in Theorem 12 .'S\ in case the partition family is a tree. 

Proposition 3.5. Let Q C W <W (E) 6e a tree, T C iy <w (E;t;) 6e a tree and Zei £ &e a 
countable ordinal. Then 

Wt(Y,)nRW <u, (u) <ZW<"{Y)\g if and only if Q f] RW <UJ (u) C (1U ? (E))*\^(E) and 
W*(i:;u)n VflW^iZ) C jy <w (E;t;)\.F i/ and or% i/^n VRW<"(u) C (W { (E;u))*\ 
W*(£;u). 

Proo/. Let W^(E) n W^u) C VU <w (E) \ £ and s = . . . , s,) G £ n W <w (w). 
Since s has canonical representation with respect to W*(E) (Proposition I3.3|) . either 
s G (W^(E)) \ W^(E), as required, or there exists s± G W^(E) such that either Si = s 
or si oc s. The second case is impossible, since then s% G Q fl RW <UJ (u) fl W^(E); a 
contradiction to our assumption. Hence, gnRW <w {u) C (iy ? (E))* \ W 5 (E). Obviously, 
H/ ? (E) n #W/ <aJ (w) C H/ <w (E) \ £ if £ n RW <u (u) C (W € (£))* \ W € (£). 

Analogously, can be proved that iy § (£; t>) n Ki?W /<w (u) C W <U (Y<; v ) \ J 7 if and only 
if fnyW <u (S) C (W € (£;u))*\W € (£;u). □ 
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A consequence of Proposition 13.51 is the following stronger form of Theorem 12 .31 in case 
the partition families are trees. 

Theorem 3.6. Let £ be a countable ordinal, E a finite non-empty alphabet and Q C 
W <W {Y?), T C W <u} (E;v) be trees. Then for every infinite sequence w G W u (H;v) of 
variable words over E there exists a variable reduction u -< w of w over E such that : 

either W*(E) n RW<"(u) C g or G f] RW<"(u) C (W*(£))* \ W*(£), and 

either W^(j:-v)r\VRW <u (u) <Z F or Ff\VRW <u (u) C (W^(£; u))* \ P0(£; u). 

We will define now a topology on the sets W <w (£), W /<W (E; u), Pf(E), W u (£;i>). 
We set D = {(n, a) : n G N, a G E U {w}}, note that D is a countable set, and denote by 
[Z)] <aJ the set of all finite subsets of D. 

Each finite sequence w of words over SU{w} corresponds to a unique finite subset cr(w) 
of [D] <UJ defined as follows: We set cx(0) = 0. For w = . . . ,w m ) G VT <W (E U {w}) 
there exist 1 = k\ < ■ ■ ■ < k m < k m+ i G N and a, G E U {v} for alH = 1, . . . , fc m+ i — 1 
such that Wi = a kl ■ ■ ■ a ki+1 -i for all i = 1, . . . , m, hence we set 

ct(w) = {{(kj, a kj ) :jeN,ki<j< k l+1 - 1} : i e N,i < m}. 
Analogously, for w = (w n ) neN G If (S U {v}) there exist 1 = k% < k 2 < k 3 < ■ ■ ■ G N 
and a, G SU {v} for every z G N such that w n = a kn ■ ■ ■ ot kn+1 -i for all n G N, hence we 
set cr(w) = {{{kj, a kj ) : j G N, fc n < j < /c n+1 - 1} : n G N}. 

We identify every sequence (finite or infinite) of words over E U {v} with its charac- 
teristic function in {0, w via the function: 

I : iy <w (E U {v}) U U {v}) -> {0, l}^" 

with /(w) = x ff ( w ) for w G W <£J (£ U {t;}) and I(w) = x a ^) for w G W w (£ U {i>}), 
Thus, identifying every finite sequence w G W <u) {Tj U {f}) and every infinite sequence 
G ^(EUftj}) of words over EU{w} with its characteristic function x CT ( w ) G {0, 1}[ D 1 <W 
and x a ^) G {0, l}^" respectively, we topologize the sets W <w (£), W <u) (E]v), W U (E), 
^(E; v) by the topology of pointwise convergence (equivalently by the relative product 
topology of {0, l}t D l <w ). For example we say that a family T C W <w (T,;v) is pointwise 
closed iff the family {x CT ( w ) : w G -T 7 } is closed in the topology of pointwise convergence 
or a family IA C W w (£) is pointwise closed iff {x a r^ : w G W} is pointwise closed in 
{0,1}^. 

We next turn our attention to hereditary families of finite sequences of words. 
Definition 3.7. Let E be a finite, non empty alphabet and T C W <UJ (T,; v) . 
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(i) = {t e W <w (£; v) : t G VRW<"(s) for some s G T* \ {0}} U {0}. 

(ii) T is hereditary if J 7 * = JF. 

Definition 3.8. Let S be a finite, non empty alphabet and Q C W <u} {Yi). 

(i) Set (0) = and for every t = (t u . . . , t m ) G W <W (E; v) set 
(t) = {(ti(ai), . . .,t m (a m )) : «i, . . . ,a m G S}. 

(ii) jFg = {t = (*!, . . . , t m ) G ^ <W (S; : (t) C Q}. 

(ii) & = {s = (si, . . . , s fc ) G W^ <W (S) : s G (t) for some t G (.Fg)*}. 

(iii) £ is hereditary if (/* = Q. 

Proposition 3.9. Let w = (w n )neN G W <u; (E; t>) fre an infinite sequence of variable 
words over E. 

(i) If Q Q RW <UJ (w) (resp. T C l / i?W^ <w (w) y ) zs a tree, £/ien £ (resp. jFj is pointwise 
closed if and only if there does not exist a reduction (resp. a variable reduction) u = 
(«n)n€N of w such that (ui, . . . ,u n ) G Q (resp. (ui, . . . ,u n ) G J 7 ) for all n G N. 

(ii) If g C W <a, (w) fresp. T C \/W <w (w)j zs hereditary, then Q (resp. T) is 
pointwise closed if and only if there does not exist a variable reduction u of w such that 
RW <w {u) C Q (resp. VRW <UJ {u) C .F/ i/ence, i/ fresp. .Fj zs hereditary and 
pointwise closed, then every hereditary subfamily of g (resp. of T) is also pointwise 
closed. 

(iii) The hereditary families (W^(E) n RW <U} (u))^, (W*(E;v) H V-RW^u)^ and 
(iZW^t^nitW^w))^ (Fift^^nF-R^"^)^ are pointwise closed for every count- 
able ordinal £ > and u G Vi2W w («;). 

Proof, (i) It follows from the relating definitions and the fact that the set RW <w {{w\, . . . , w, 
is finite for every n G N. 

(ii) Let g C R <ul (w) be a hereditary and not pointwise closed family. Then = 
thus (JFg)* = Tq. Since £ is a tree, according to (i), there exists a reduction u = (u n ) ne ?q 
of w such that (wi, . . . , u n ) G Q = g* for all n G N. Hence, for every n G N there exist 
(s™, . . . , s") G f g nKW <w (iH) and a™, . . . , a™ G E such that Uj = s™«) for every i < n. 
Since E is finite, by a compactness argument we can find a variable reduction s — (s„) ne N 
of w and (a„)„ e N G S such that (si, . . . , s„) G JFg n V-RW^^-uJ) and = s n (a n ) for all 
nGN. So, s G ^W(w) and iW <w (s) C Q. 

(iii) It follows from (ii). □ 
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For hereditary and pointwise closed families Q C RW <w (w), T C VRW <UJ (w) for 
some w G W <U (H; t?) can be defined the strong Cantor-Bendixson index sO^(G) of G and 
sO^(JF) of T with respect to every u G ^-RW-^w). 

Definition 3.10. Let w = (w n ) ne ^ G W u (Ti; v) be an infinite sequence of variable words 
over a finite, non-empty alphabet £ and Q C iZM^^i?), JF C Vi?W /<a; (w) be hereditary 
and pointwise closed families. For a variable reduction u = (w n ) ng N -< w of w over E 
we define the strong Cantor-Bendixson derivatives ({?)| of G, (^ r )| of T on -u for every 
£ < cui as follows: 

For every s = . . . , s k ) G Q n W <w («) and t = (t la . . . , t k ) G J 7 n VRW <UJ (u) set 

^ = {w G : si * . . . * s k oc w, (si, . . . , sjt, w - si * . . . * s k ) £ G}\ 

A{ = {w G V^RW-^it) : ti * . . . * t k oc iu, (tx, . . . , tk, w — ti * . . . * tk) £ J 7 }] and 

A G % = {w G RW(u) : (w) i G}, A$ = {w G : (w) £ F}. 

Then 

({?)° = {s G fl R <UJ (u) : does not contain any sequence (w n )neN 

with w n oc w n+ i for every n G N}, 

(J 7 )^ = {t G T fl l / i? <w ( , u) : does not contain any sequence (u> n )neN 

with w n oc for every n G N}. 

It is easy to verify that (G)% (F)^ are hereditary, hence pointwise closed (Proposition EiH 
(ii)). So, we can define for every £ > the ^-derivatives of Q and J 7 recursively as follows: 

= {{Q)%)% ^)T = for all C < wi and; 

@)S = fW^, = IW^S for e a limit ordinal. 
The strong Cantor-Bendixson index sO^(G) of Q on w is the smallest countable ordinal 
£ such that (C/)| = and respectively the strong Cantor-Bendixson index sO$[T) of T 
on u is the smallest countable ordinal £ such that (^ 7 )| = 0. 

Remark 3.11. Let w = (w n ) neN G W u (E;v) and £ C iW <w (w), T C KW <w (w) 
hereditary and pointwise closed families. 

(i) The strong Cantor-Bendixson index sO^(£7) and also the index sO^(T) on a variable 
reduction u -< w of w over S is a countable successor ordinal less than or equal to the 
"usual" Cantor-Bendixson index 0(G) of G and 0(F) of T respectively into {0, 1}^ <LJ 
(see |K]). 

(ii) sO s (£ n RW <u (u)) = sO a (G) and sO s (.F n VRW <w (u)) = sO u (F). 
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(iii) sOti(Gx) < sO^(^ 2 ) if Gi,G2 Q RW <u) {w) are hereditary and pointwise closed 
families with Gi Q G2 and also sO^(jF 1 ) < sO^(jF 2 ) if J r 1 , JF 2 C V RW <u) {w) are hereditary 
and pointwise closed families with T\ C JF 2 . 

(iv) If s = (si, . . . , Sk) G {G) a and u\ -< u -< w, then G and s 1 G where 
si = {ti,t 2 -ti, . . . ,ti-ti-i) in case {s h si * s 2 , ■ ■ ■ , si * . . . * s k } n RW{u\) = {h, . . . ,ti}, 
since RW(u x ) C i2W(i2). 

(v) If Mi -< n -< w, then sO^(^) > sOa(G) and sO^^^ 7 ) > sO^(jF), according to (iv). 

(vi) Let u -< w, cr(tt) = {iti, Mi * n 2 , ni * n 2 * w 3 , . . .} and u\ -< w. If a{u\) \ a{u) is a 
finite set, then sO^iG) > sO^iG) and sO^J 7 ) > sO^J 7 ). 

Proposition 3.12. Let w = (u> n )neN £ lf u (S;t)) fre an infinite sequence of variable 
words over S, «! = («*) n6N -< u — (u n ) ne N -< w be variable reductions of w over £ and 
(>0 o countable ordinal. Then 

sO^((W^J:)r]RW <UJ (u))J = 8 O iil ((Wt(?:;v)nVRW <u (u))J =£ + 1, and 
sO^((RW^(w)nRW <UJ (u))J = sO Ul ((VRWt(w) n VRW <u (u))J = £+1. 

Proo/. We will prove only that sO ai ((F.KW*(u;) n 7i2W <w (iZ)) J = £ + 1 for every £ < 
Ui and we will leave the proof of the other equalities to the reader. We mention that 
W^(E) = RW^(e) and W^(E;v) = VRW^(e) for every countable ordinal £ > 0, in case 
e = (e n ) ne N with e n = u for every n G N. 

For every < £ < cjj, the families (V RW^(w) fl V r i?VT <w (u))^ are pointwise closed 
( Proposition 13.91 (iii)) and 

(VRWt(w) n VRW<"(u))(t) = VRW^iw) n (^W <w (n) - 1) for some £ n < £ , 

for every t G VPlVF('u) with £ G Vi2W(wi, . . . , w n _i) for n G N, n > 1 (Proposition [OJ). 

We will prove by induction that ((yW ? («!) n V-RW <u (u)) j| = {0} for every < 
£ < u v Of course, (VRW°(w) n 1/W <w (n))^ = {(s) : s G Vi2W(u)} U {0}. Thus we 
have that ((VRW°(w) n VW^iZ)) J° a = {0}. 

Let £ > and assume that ((VRW c (w) n Vi2W <w (u)) j£ = {0} for every ( < £ and 
Mi -< u. Hence, for u\ -< u and t G VRW(ui) with t G Vi2W(i«i, . . . , w n -i) we have 
that (((^W ? (w)nW <u (ti))(t))Jj" = ((K J Riy«"(n7)n(\/ J RH/ <w (n)-t))jt| = {0}. 
This gives that (i) G ((W $ (w)nW <w (iI))Jj. So, in case £ = £ + 1 is a successor 
ordinal, we have that (t) G ((TARF^(w) n VRW <u {u)) j£ for every t G Ki2W(iTi), 
hence G ((W2W*(iZ;) n raW/ <w (n)) J* . In case £ is a limit ordinal, we have that 
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G ((VRW^(w) n W <U («))J^, since G n VRW <ul {u))j^ for every 

n£N and sup£ n = £. 

If {0} ^ ((y.RW*(iu) n Vi2W <w (u)) j| for some ui -< u, then there exist u 2 -< u% 
and t G Vi2W(u 2 ) such that (((VRW^w) n W*W <u (u))(*)) jl = n 
(V"i?W <w (tt) — t))^)! 7^ {0} (see Lemma 2.8 in |F3j ) . This is a contradiction to the induc- 
tion hypothesis. Hence, {0} ^ ((VRW^(w) n ^(ujjj and sO Sl ((W e (w) n 
Vi2W <w (u)) ) = £ + 1 for every £ < co>i and Mi -< u -< w . □ 

Corollary 3.13. For every w = (w7 n )„ e N G ^(Sjn) and countable ordinals £1,^2 it?it/i 
£1 < £2 there exists a variable reduction u -< w of w over £ such that: 

n iW <a; (u) C (W^ 2 (£))* \ W^ 2 (£) and 
u)) # n Vi*W <h, (ii) C (W« 2 (£; u))* \ W^ 2 (£; u). 

Proq/. Of course {W^iT))^ C H/ <W (S) and (£; C H/ <w (S;t;) are trees. Ac- 
cording to Theorem 13.61 for every infinite sequence w G ^(E; u) there exists a variable 
reduction u -< w of w over £ such that : 

either W^{T) n W <£J (w) C (^(S))^ 

or (^(E))^ n i?iy <w (w) C (W^ 2 (£))* \ W^ 2 (£), and 

either W^(E;v) nVRW <u; (u) C 

or (^(Eiuj.nW*^ C (W^ 2 (£;i;))* \ W/« 2 (£;t;). 

The first alternative in each of the two dichotomies is impossible, since, otherwise ac- 
cording to Proposition EI21 6 + 1 = sOg((^ 2 (S)flM <u («))J < sC^W^E)) J = 
6 + 1 or £ 2 + 1 = sC^((ty« 2 (£;i;) H Wfll^iZ)),) < S 0*((W&(E;i;))J = 6 + 1; a 
contradiction. □ 

4. SCHREIER-TYPE EXTENSION OF CARLSON'S NASH- WILLIAMS TYPE PARTITION 

THEOREM FOR WORDS 

According to the partition theorem on Schreier families proved in Section 2, for every 
countable ordinal £, every non-empty, finite alphabet £ and every partition Q of the set 
W <w {Ti) of all the finite sequences of words over S, there exists an infinite sequence u of 
variable words over E , all of whose finite reductions in the Schreier family W*(£) are 
either in the partition family Q itself or in the complement W <<JJ (E) \ Q; but Theorem 12.31 
naturally can provide no information whatsoever on whether all these finite reductions 
are in Q or in its complement W <lJJ (T,) \ Q . In this section we will obtain, for a partition 
family Q that is a tree, a criterion on this matter, in terms of the strong Cantor-Bendixson 
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index of Q: if this index is greater than £ + 1, all W^(£)-finite reductions fall in Q, and if 
less than £, in W <U} (E) \ Q (albeit in a weaker, non-symmetrical manner) ( Theorem 14.21 
and Theorem 14. 4|) . 

It will be observed that the main dichotomy of Theorem l4.2l is non- symmetric, reflecting 
the fact that the treeness property is assumed for the family Q itself only, and of course not 
for its complement W <lJJ (Yi)\Q . This type of non-symmetric dichotomies is characteristic 
of Nash- Williams type partition theorem; in fact, from Theorem 14.21 and the analogous 
Theorem 14 . 41 for variable words, we will derive in the sequel various strong forms of Nash- 
Williams type partition theorems for words and variable words involving the Schreier-type 
families of words and the Cantor-Bendixson index (Theorem B, Corollaries 14.51 14~71 14.81 
14.91 ). which imply as well as Carlson's infinitary partition theorem (Theorem 10. H[ [C]). 

In the proof of Theorem 14.21 bolow we use Theorem 12.31 and also we exploit the prop- 
erties of the Schreier-type families W^(S) for £ < uj\ proved in the previous Section 3. 
Towards this purpose we introduce the following definition. 

Definition 4.1. Let Q C W <w (i:) and T C W <w {Y,;v). We set 

(i) Go = {s G Q : s G (t) for some t G Tg). 

(ii) Q h = {s G Go : in case s G (t) for some t G Tq then (u) C Q for every 
u G VRW <u >{t x ) for ti oc t} U {0}. 

(iii) J r h = {teJ r : VRW <w {t x ) C T for every t x a t} U {0}. 

Of course, Qh, J~h are the largest subfamilies of Q U {0}, T U {0} which are hereditary. 

Theorem 4.2. Let Q C W <w {Yi) be a family of finite sequences of words over the finite, 
non-empty alphabet S which is a tree and w G W^E; v) be an infinite sequence of variable 
words over S. We have the following cases: 
[Case 1] The family Qh H RW <UJ (w) is not pointwise closed. 
Then, there exists a variable reduction u of w over S such that 

RW <u (u) c g. 

[Case 2] The family Qh D -RW /<w (w) pointwise closed. 
Then, setting 

C| = eS" = sup{sO tf (g h n W <w («;)) : w -< w} , 
which is a countable ordinal, the following subcases obtain: 
2(i) If £ + 1 < C? ; t/ien i/iere exists u -< w such that 

W^{^)^RW <U) {u) C ^; 
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2(ii) z/cg>i>£ + 1>£> Q ; then for every u -< w there exists u\ -< u such that 

w*(E) n rw <uj (u) c w <w (E) \ g 

(equivalents Q fl RW <UJ (u) C (W*(E))* \ W*(£)J ; and 
2(iii) + 1 = C£ or £ = C^ q , then there exists u -< w such that 

either W*(T,) n RW <UJ (u) C g or W*(£) n RW <u {u) C W/ <w (£) \ £. 

Proof. [Case 1] If the hereditary family £//, fl i?W /<a "(w) is not pointwise closed, then, 
according to Proposition 13.91 there exists u -< w such that 

rw <w {u) cg h n rw <ui (w) ^g h ^g. 

[Case 2] If the hereditary family Qh fl RW <u (w) is pointwise closed, then the index 
C§ = is countable, since the "usual" Cantor-Bendixson index 0{j3h H i?iy <w (w)) of 
^nim^fw) into {0, 1}I D 1 <W is countable and sOi^nM^fti))) < 0(^nW <a V)) 
for every u -< w ( Remark 13. 1 If i)and (ii)). 

2(i) Let f + 1 < C|- Then £ + 1 < £|J fc , so there exists u x -< w such that £ + 1 < 
sO^lgh fl i2VK <w (i/;)). According to Theorem 13 .b| there exists a variable reduction 
w -< «i of u\ over £ such that 

either W*(£) n W <tJ ({t) C ^ or ^ n W <w (w) C \ C (W { (E))*. 

The second alternative is impossible. Indeed, if ^ fl iiW^it) C fW^(E)) , then, ac- 
cording to Remark 13.111 and Proposition 13.121 

sO Ul (g h C\RW <u {w)) < sOa(g h C\RW <u {w)) = sO u (g h C\RW <u {u)) < sO ff ((W*(E))*) = 
£ + 1; a contradiction. Hence, n i2W <w (u) C Q h C 0. 

2 (ii) Let £ + 1 > £ > C^, and u ^ w. For every countable ordinal £ with £ + 1 > Q 
there exists a variable reduction ui -< it of u over E such that 

w^(e) n w <w ({ti) c w <u) {£) \ g h , 

Indeed, according to the partition theorem on Schreier families ( Theorem I2.3J) . there 
exists a variable reduction u\ -< u of w over £ such that 

either W^E) n W <w (ni) C ^ or W^(£) n i*W <h, (ui) C W/ <w (£) \ 

The first alternative is impossible, since if W C (E) n J RW /<w (ui) C h , then, according to 
Remark 13.111 and Proposition I3.12[ we obtain that 

C + 1 = sO^((W^E) n Jro^fa)).) < sO ffl (& n w <w («i)) < eg* = C| ; 

a contradiction. Hence, there exists a variable reduction u\ -< u oi u over E such that 
WA§(£) n RW^iui) C H/ <W (S) \ 
According to Theorem 12.31 there exists «2 -< wi such that 
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either W*(E) n RW <U) {u 2 ) C £ or n i2W <w (i^) C W< w (i:) \ 0. 

We claim that the first alternative does not hold. Indeed, if W^(£) D RW <UJ (u 2 ) Q Q, 
then (W£(E) fl RW <ul (u 2 ))* Q Q* = Q- Using the canonical representation of every 
infinite sequence of words over £ with respect to W^(£) (Proposition we have that 

(Wt(E))* n w <w (m 2 ) = (W*(E) n w <w (m 2 ))*. 

Hence, n RW <w (u 2 ) C 0. 

Since £ > £?, according to Corollary 13.131 there exists M3 -< u 2 such that 

(H/ c §(£))^ n RW <U} (u 3 ) C (W^(£))* n W <£J (w 2 ) C 0. 
Thus (Vt^S(£))^n i?H/ <w (M 3 ) C since (^(S))^^^) is a hereditary family. 
This is a contradiction, since u 3 -< u x and W c *(£) n i2W <w (ui) C H/ <<jJ (£) \ Hence, 

W^(£) n RW <UJ (u 2 ) C W <w (£) \ and n W <u; (w 2 ) C (IV«(£))* \ iy 5 (£), 
according to Proposition 13.51 

2(iii) In the cases £ + 1 = or £ = , use Theorem 12.31 □ 

Remark 4.3. Let Q C H/ <w (£) be a tree and let w G H/ w (£; v). 

(i) That both alternatives may materialize in case £ + 1 = £? can be seen by considering 
two simple examples: 

(1) Let T= {t = (ti < t 2 < ■ ■• < t 2k+2 ) G W <u (£;v) : k G N and minrf(t) = k} and 
^ = {sG W <UJ (H) : s G (t) for some t G J 7 *}. It is easy to see that the hereditary family 
Q is pointwise closed (according to Proposition 13. 9|) . Analogously to Proposition 13.121 
can be proved that sOn(G fl RW <CJ (w)) = u + 1 for every w G W w (£;f) and u -< w. 
Thus, £§ = £? = uj + 1. It is now easy to verify that 

W^(£) n W <aJ (iT) C £ for every u -< w. 

(2) Let T = {t = (h < t 2 < ■■■ < 4+1) G H/ <w (£;i;) : k G N and mind(t) = 2k} 
and (/ = {s G H /< ^(£) : s G (t) for some t G J 7 *}. The hereditary family £ is pointwise 
closed. Setting w = (w n ) ne ^ G W w (£; v) with w± = v and w n = v*v for every 1 < n G N, 
we have that sO a (Q n iW <iJ (w)) = + 1 for every it -< w. Thus, Cj = = w + 1. It 
is now easy to see that 

W u (Ti) n W <£J (it) C W <U (T) \ Q for every u -< w, 

since 6? n RW<"{u) C (H/ w (£))* \ W^(£). 

(ii) In case the family C W <a, (£) is hereditary and £ = £? = £^ < u>i, then can be 
proved that for every u -< w there exists U\ -< u such that 

n i?H/ <w (u) C H/ <w (£) \ 0. 
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For a partition of all the finite sequences of variable words over £ which is a tree 
holds an analogous strengthened theorem, which in fact is a stronger form of Carlson's 
infmitary partition theorem ( Theorem 10.31 [C ). Although, the proof of this theorem is 
analogous to the proof of Theorem 14. 2\ for completeness we will give a sketch of it. 

Theorem 4.4. Let T C W <U} (Ti;v) be a family of finite sequences of variable words over 
the finite, non-empty alphabet £ which is a tree and w e ^(S; v) be an infinite sequence 
of variable words over £. We have the following cases: 
[Case 1] The family Th H V RW <u) (w) is not pointwise closed. 
Then, there exists a variable reduction u of w over £ such that 

VRW <UJ (u) C T. 

[Case 2] The family Th H VRW <w (w) is pointwise closed. 
Then, setting 

C£ = & = sup{sO a (T h H VRW<"{w)) :u^w} , 
which is a countable ordinal, the following subcases obtain: 
2(i) If £ + 1 < then there exists u -< w such that 

W*(E\ v) n VRW <w (u) C T; 
2(h) i/£ + 1 > £ > i/ien /or every u -< w there exists u\ -< u such that 

W*(£; u) n Vi2W <a, (u) C IU <W (£; u) \ JF 

(equivalents T f)VRW <lv (u) C (W*(£;u))* \ W*(£;u)j ; and 
2 (ill) i/£ + 1 = C£ or t; = (f o , then there exists u ~< w such that 

either W*(£; u) n ViW^u) C ^ or W^(£; u) n VRW <LV (u) C W <W (E; u) \ .F. 

Proof. [Case 1] If the hereditary family JF^ n Vi?iy <aJ (w) is not pointwise closed, then, 
there exists u -< w with VRW <UJ (u) CT h (l VRW <UJ (w) C .F (Proposition ESJ. 
[Case 2] If the hereditary family Th H Ki?W /<w (w) is pointwise closed, then the index ^ h 
is countable, according to Remark 13 . 1 1 f i ) and (ii). 

2(i) Let£+1 < (£. Then there exists Mi -< w such that £+1 < sO^ (T h nVRW <UJ (w)) . 
Using Theorem 13 Remark |3 . 1 1 1 and Proposition I3.12t we have that 

W^E; v) n VRW <u (u) C T h C T . 

2 (ii) Let £ + 1 > £ > C# an d u -< w. According to Theorem 12.31 Remark 13.111 and 
Proposition 13.121 there exists a variable reduction u\ -< u of u over £ such that 

W<S (S; v) n UW <w (mi) C IU <w (S; u) \ .F h . 
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Using again Theorem 12.31 there exists u 2 -< Ui such that 

either W^(E;v) n VRW <U) {u 2 ) C T or W*(£) n UW <w (w 2 ) C ^ <w (£) \ .F. 

We claim that the first alternative does not hold. Indeed, if W^(E; v)r\VRW <UJ (u 2 ) C JF, 
then using the canonical representation of every infinite sequence of variable words over 
E with respect to W^(J2;v) (Proposition I3.3|) it is easy to check that 

(W^(E;v))* f]VRW <UJ (u 2 ) = (W^^v) nVRW <UJ (u 2 ))* C F* = F. 
Since £ > C^, according to Corollary 13. 13^ there exists u 3 -< u 2 such that 

(^(E;u)) t nyW <w (M3) C (Wt(E;v))* n VRW <UJ (u 2 ) CJ; 

and consequently such that (W c ^(E;v)) # n U j RW /<w (m 3 ) C ^. This is a contradiction. 
2(iii) In the cases £ + 1 = or £ = use Theorem 12.31 □ 

That both alternatives may materialize in case £ + 1 = can be seen by considering 
the following examples: 

(1) Let T = {t = (ti < t 2 < ■ ■ ■ < t 2k+2 ) e W <w (Z;v) : k G N and mind(t) = fc}. The 
hereditary family T*. is pointwise closed and sO^{T^) = oj + 1 for every w G W a; (E;i;) 
and u -< w. Thus, = = u + 1. It is now easy to verify that 

W^(£; v) n V-RW^u) C .F* for every u -< w. 

(2) Let T = {t = (tt < t 2 < ■ ■ ■ < tfc+i) G iy <w (E; i>) : fc G N and mincZ(t) = 2k}. 
The hereditary family F* is pointwise closed and sO,/(F*) = to + 1 for every u -< w, 
where w = (u> n ) n eN G W w (£; v) with w x = v and w n = v * v for every 1 < n G N. Thus, 

= = a; + 1. It is now easy to see that 

F* n VRW <w (u) C \ W w (£;u) for every u -< w. 

An immediate consequence of Theorems 14.21 and 14.41 is Theorem B, referred to in the 
introduction, which is a strengthened form of Theorem 12.31 in that the partitions are 
trees. A quite simplified consequence of Theorem 14.41 one n °t involving Schreier-type 
families of countable ordinal index, is equivalent to Carlson's infmitary partition theorem 
(Theorem l().3j) proved in [C] . 

Corollary 4.5. Let F C W <W (H; v) be a family of finite sequences of variable words over 
an alphabet E which is a tree. Then for every infinite sequence w G H^ W (E; v) of variable 
words over E there exists a variable reduction u -< w of w over E such that: 
either VRW <UJ (u) C T, 

or for every variable reduction u\ ofu there exists an initial segment ofu\ which belongs 
to W < "{Y 1 -v)\F. 
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Proof. The proof follows from Theorem 14 .41 fcase 1 and subcase 2(ii)) and Proposition 

□ 

Remark 4.6. Carlson's Theorem 10 .31 is equivalent to Corollary 14.51 Indeed: 

(i) Corollary 14 . 51 implies Theorem 10.31 Indeed, let U C W^(E; v) be a pointwise closed 
family of infinite sequences of variable words over E and w G W w (Yl;v). Set 

J= u = {t = (tx, ...,t k )e iy <w (S; v): k G N and there exists te U with t oc t). 
Since the family Tu is a tree, we use Corollary 14 .51 Then we have the following two cases: 
[Case 1] There exists u -< w such that VRW <UJ {u) C T U - Then, C W. Indeed, 

if t = (t n )neN G VTZW^iO, then (ti, . . . , t k ) G Tu for every fcGN. Hence, for each fceN 
there exists t k = (^)neN G W such that t£ = i n for every n G N with n < k. Since (tfc)fcgN 
converges pointwise to i and W is pointwise closed, we have that t G U and consequently 
that VRW u (u) C W. 

[Case 2] There exists u ~< w such that every variable reduction wi of w has an initial 
segment belonging to W/ <W (E; v) \ T U - Hence, VW^it) C H/ W (E; i>) \ W. 

(ii) Theorem 10 . 31 implies Corollary 14.51 Indeed, let T C W^ <a, (E; t>) which is a tree and 
wer(E;t)). Set 

= {t= (t n )neN G W"(E; t>) : there exists fceN such that (ti, . . . , tk) G J 7 }. 
Then t>) \Wjr is pointwise closed, so, using Theorem 10 .31 for the family W aJ (S; u) \ 

Up, we obtain Corollary 14.51 

In fact Corollary 14. 51 holds for arbitrary partitions of VF <£J (E; v), not necessarily trees; 
this is the content of the next result. 

Corollary 4.7. Let J 7 C iy <a; (E;t;) fre a family of finite sequences of variable words over 
an alphabet E. T/ien /or every infinite sequence w G W^E; v) of variable words over E 
there exists a variable reduction u -< w of w over E such that: 
either VRW <UJ (u) C J 7 , 

or for every variable reduction u\ ofu there exists an initial segment ofu\ which belongs 
to W <w (J:;v)\T. 

Proof. Let T\ = {t = (ti, . . . , t k ) G T : (ti, . . . , t n ) G T for every n£N with n < £;}U{0}. 
The family T\ is a tree. According to Corollary 14.51 there exists u -< w such that: 
either VR <UJ {u) QF X QF, 

or for every variable reduction u\ of u there exists an initial segment of u\ which 
belongs to W <a; (E; v) \ T\. 

Let ui = (w^) n6N -< u, and let k G N such that t = (u\, . . . ,u\) G W <u (£; v) \ F x = 
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(.FX-Fi) U (W <a, (£;i;) Then, either t G iy <w (£; i>) \ J* 7 , as required, or t G J 7 \J-\. 

In case t G J-\J-\, by the definition of T\, there exists n G N with n < k such that 
(u{, . . . , u^) G iy <a; (S; v) \ T, as required. □ 

The result for families of (constant) words, corresponding to Corollary 14.71 can now 
be obtained clS db corollary to Theorem 14.21 

Corollary 4.8. Let Q C W <UJ (E) be a family of finite sequences of words over the alphabet 
E. Then for every infinite sequence w G ^(S; v) of variable words over £ there exists 
a variable reduction u -< w of w over £ such that: 
either RW <UJ (u) C Q, 

or for every reduction U\ of u there exists an initial segment of ui which belongs to 

w <uj {z)\g. 

Proof. If Q is a tree, then the proof follows from Theorem 14.21 (case 1 and subcase 2 (ii) ) 
and Proposition 13.41 if not set 

Qx = {s = (si, . . . , si) G Q : (si, . . . , s k ) G Q for every fceN with < /} U {0}. 
The family Q\ is a tree and Q\ C ^. Hence, there exists u -<w such that: 

either W <£J (u) C ^ C Q, 

or for every reduction U\ of m there exists an initial segment of Ui which belongs to 

w<^(E)\g 1 . 

Given that for every reduction ui of u there exists an initial segment s of Ui which belongs 
to W <U (Y) \ Gx= {W <U {T) \ Q) U (g \ Qx) we have that there exists an initial segment 
of of Ui which belongs to W /<W (S) \ g, as required. □ 

Corollary 14.81 is equivalent to the following infinitary partition theorem, which is the 
counterpart for (constant) words of Carlson's infinitary partition theorem (Theorem 10.31 
Corollary H3J). 

Corollary 4.9. Let U C W^iT?) be a pointwise closed family of infinite sequences of 
words over a finite non-empty alphabet S and w G W^ill^v) be an infinite sequence of 
variable words. Then there exists a variable reduction u -< w of w over £ such that: 

either RW u {u) CW or RW"{u) C W w (£) \U . 
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5. SCHREIER-TYPE VERSION OF CARLSON'S ELLENTUCK TYPE PARTITION THEOREM 

FOR WORDS 

In this final section, we establish (in Theorem I5.2JI a rather technical strengthening 
of Theorem B (mentioned in the introduction) derived from Theorem 14.41 involving the 
Ellentuck topology Tg, defined on W^iE^v) (Definition I5.1J1 . A simple consequence of 
Theorem 15 .21 is the characterization of completely Ramsey partitions of W W (E; v) in terms 
of the Baire property in the topology Te ( Corollary 15. 7|) . a result proved with different 
methods by Carlson in |jQj. A similar characterization of completely Ramsey partitions 
of can be proved analogously, as a consequence of Theorem 14.21 

We start by defining the topology %e on W u '(E;v), an analogue of the Ellentuck 
topology on [N} w , defined in jEj. For simplicity, we write oc w and w \ = w for every 
we W u (E;v). 

Definition 5.1. Let be the topology on W w (E\v) with basic open sets of the form 
[s,s\ for s G W <u) {E;v) and s G W u (E;v), where for s G W <UJ (E;v) \ {0} 

[s, s\ = {w G W W (E; v) : s oc w and w \ s -< s } and [0, s\ = {w G W W (E; v) : w -< s}. 

The topology %e is stronger than the relative topology of W w (E;v) with respect to 
the pointwise convergence topology of {0, l}^^", which has basic open sets of the form 
[s,e] = {u> G W^CE-jv) : s oc w} for s G W <UJ (E]v) and e = (e n ) ngN with e n = v for 
every n G N. 

We denote by U and the closure and the interior respectively of a family U C 
W^iE; v) in the topology T^. Then it is easy to see that 

1A = {w G W U (E; v) : [s,«;\s]nW/i for every saw} ; and 

= {w G W UJ (E; v) : there exists saw such that [s, w \ s] CW} . 

Now we can state the main theorem of this section. For s = (si, . . . , s^), t — (fx, . . . , t{) G 
W <UJ (E; v) we set s t = (si, . . . , s k , t x , . . . , t k ) and © t = t = t. 

Theorem 5.2. Let U C W W (E; v), s G W <W (E; v) and s G W u (E;v). Then 
either there exists u -< s such that [s, u] C U, 

or there exists a countable ordinal ^ = C(i g\ such that for every £ > £ i/iere exists 
u -< s with [s t, t\ t] C W U (E] v)\U for every t ' -< u and t G ^(S; t oc t. 

We will give the proof of this theorem, using Lemma 15. 3[ an analogue of Lemma 12.51 

Lemma 5.3. Let TZ C {[s, s\ : s G W <UJ (E; v),se W^iE] v)} with the properties: 
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(i) for every (s, s) G iy <w (£;r>) x W w (£;?;) tnere exists s i -< s sitc/i i/jat [s, s\] G TZ; 
and 

(ii) /or ever?/ [s, sj G 7?. and 4 -< 4 we nave [s, s 2 ] G 7?.. 

T/ien, /or every (s, s) G W <a; (S; d) x W w (S; there exists u G [s, s] sncn £nat [s©t, t\t] G 
TZ for every t -< u \ s and t oc t. 

Proof. Let s G W <w (X;r>) and s G W aJ (S;r | ). According to assumption (i), there exists 
*i = ( s n)neN -< s such that [s, 4] G 7Z. Set U\ = s\ G V\RW(s). According to the 
assumption (i), there exists 4 = (s^) n£ N -< s i \ (ui) such that [s («i),s 2 ] £ Set 
n 2 = sf. Then (ni,n 2 ) G ViiW <a; (s) and 4 -< s\m. 

Let n G N, n > 1. Assume that there have been constructed 4, . . . , s n G >V U '(S; v) and 
Mi, n 2 , . . . , u n G r>) such that (mi, n 2 , . . . , n n ) G V-RW^^s), 4i-i -< s\u\ * . . . * Ui, 

Si + i -< Si\(ui) for every i — 1, . . . , n— 1, (n«) oc for every z = 1, . . . , n, and [s0t, 4i-i] G 
ft for every t G V-RW^^Ui, . . . , m)) and z = 1, . . . , n - 1. 

We will construct 4+i and n n+ i. Let {t 1; . . . ,t m } = VRW <w ((ui, . . . ,u n )) for some 
m G N. According to assumption (i), there exist . . . , s^Yi G W w (E;u) such that 
-<■■•-< s* +1 -< 4 \ (u n ) and [s tj, s^ +1 ] G 7?. for every i = 1, . . . , m. Set 
4+i = 4+i- If 4+i = 0™ +1 ) igN , then set w n+ i = s" +1 . Of course 4+i -< 4 \ (n„), 
(n n+ i) oc s n +i, (wo, Mi, • • • , Mn+i) £ V^I^ <w (nT), 4+i ~< s \ U\ * . . . * u n and, according to 
condition (ii), [s t, s n+1 ] G 71 for every t G VRW <w ((ui, . . . , u n )). 

Set u = (si, . . . , Sk, Mi, n 2 , . . •) G W w (£; u) in case s = (sj, . . . , S&) and n = (ni, n 2 , . . .) 
in case s = 0. Then u G [s, s], since (iti, w 2 , . . . , u n ) G VRW <UJ (s) for every n G N. 
Let f -< n \ s and t ^ 0, t oc t. Since t G ViW <w (u \ s), set n = min{n G N : 
t G l/i?iy <w ((ni, . . . , u n ))}. Then [s0t,4 o +i] £ According to assumption (ii), 
[s0t, n\(si, . . . , Sfc, Mi, . . . , w no )] G TZ and [s0t, t\t] G TZ, since t\t -< n\s0(ni, . . . , u no ) -< 
4 +i- If t = 0, then [s, u \ s] G TZ, since [s, 4] G TZ and, according to assumption (ii), 
[s,t\eK. □ 

Proof of Theorem \5. 6 A Set 

ft w ={[t,t] : (t,t) G iy <w (S;t;) x W w (£;u) and 

either [t, t] n W = or [t, nW^0 for every f x -< t} . 

It is easy to check that TZu satisfies the assumptions (i) and (ii) of Lemma 15.31 hence, 
there exists u = (u n ) ne ^ G [s, s\ such that [s 1, t \ t] G TZu f° r every t -< u\ s and t oc t. 

For t G l / i?W /<a; (M\ s) there exists unique u t -< n \ s with t oc n t and n t \ t = (u n ) n>no 
for some n G N. Then [s t, u t \ t] G 7^- Set 
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T ={te VRW <Ui {u \ s) : [s t, frj n W ^ for every t?i -< u t \ t}. 

The family JF is a tree. Indeed, let t G .F and t x oc t. Then [s0ti, u tl \ ti] G 7^, since 
ti G KRty <w (M\s). It is impossible [s0ti,w tl \t x ] flW = 0, since [s0t,«JnW^0 for 
every iti -< u t \ t. Hence, [s ti, u\\ PI W 7^ for every «i -< w tl \ ti, and consequently 
ti G JF. We now apply Theorem 14.41 for JF and u \ s. We have the following cases: 

[Case 1] There exists wi -< u\s -< s such that VRW <u (ui) C JF. This gives that 
[s t,w 2 ] H U 7^ for every t G Vi?VT <w (-Ui) and u 2 -< U\\ t, which implies that 

[s, Mi] C W. 

[Case 2] There exists a countable ordinal £0 = (j^ s = C(£ g) sucn that for every £ > £0 
there exists «i -< u \ s -< s with W*(£; u) n W <u (ili) C W <u {Y>-v) \ T. Using the 
canonical representation of every infinite sequense of variable words with respect to the 
family W^(Ti;v) (Proposition IH.Hjl . we have that [s t, «i] C W"(E;v) \ U for every 
t G Wt{E;v) n VRW <u} {u x ) r Hence, [s t,t\ t] C W w (£;i;) \ W for every f ^ iTi and 
t G W e (£;u) witht oc£ □ 

Applying Theorem 15.21 to partitions W that are closed or meager in the topology %e, 
we obtain the following consequences. 

Corollary 5.4. Let U be a closed in the topology % E subset of (E; v) , s G W <w (£;i;) 
and s G W w (E;v). T/jen 

either there exists u -< s such that [s, u] C 

or t/iere exists a countable ordinal £0 suc/i i/iai for every £ > £ £/iere exists u -< s with 
[s t, f \ t] C iy w (S; i>) \ U for every t '-< u and t G W £ (£; t>) with t oc £ 

Corollary 5.5. LetU be a subset o/W w (£;i>) meager in the topology %e, s G VK <w (£;u) 
and s G W^E; u). JTien, there exists a countable ordinal £0 such that for every £ > £0 
t/iere exists u ~< s with [s t, i \ t] C VK W (£; v)\U for every t -< u and t G W^(£; v) 
with t oc t. 

Proof. We use Theorem 15.21 for U. We will prove that the first alternative is impossible. 
Indeed, let u -< s such that [s, u] C U. If U — {J n€N Mn with (Un)® = for every n G N, 
then we set 

U ={[t,t[ : t G H/ <w (E;t;), £gW(£;v) and 

[t, t] n W fe = for every k G N with fc < |t|}; 

where |t| denotes the number of terms of the finite sequence t G W <UJ (E; v). The family 
7Z obviously satisfies the assumption (ii) of Lemma f5. 31 and also satisfies the assumption 
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(i) of Lemma 15.31 since, according to Theorem 15.21 and Proposition 13.31 for every t G 
W <u) (£;v), t G W u (£;v) and k G N there exists t x -< t such that [t, tl] n Z4 = 0, as it 
is impossible [t,ti] C for every k G N. Hence, according to Lemma 15.31 there exists 
ui G [s, w] such that [s t, u% \ s t] G 1Z for every t G VRW <U} (ui \ s). 

We will prove that [s, u\ \ s] D 14 — 0. Let u 2 G [s, «i \ s] H W. Then, w 2 G [s, u\ \ s] n £4 
for some k G N. Hence, there exists t G VRW <UJ (u\ \ s) such that s 1 oc «2, < |s 1| 
and [s t, ui \ s t] D £4 ^ 0- Then, [s t, u\ \ s t] 1Z. A contradiction, since 
t G VRW <UJ (ui \ s). Hence, [s, u x \ s] D U = 0, and consequently «i ^ ZY. 

This is a contradiction, since «i G [s, u] C W. Hence, the first alternative of Theo- 
rem for the partition IA is impossible, so the second alternative holds for IA. □ 

We recall the definition of the completely Ramsey families of infinite sequences of 
variable words given by Carlson in j^j. 

Definition 5.6. A family IA C W w (Ti]v) of infinite sequences of variable words on a 
finite, non-empty alphabet E is called completely Ramsey if for every s G W <a, (£; v) and 
every s G W W (S; v) there exists u -< s such that 

either [s, u] C W or [s, u] C u) \ W . 

The characterization of completely Ramsey families of infinite sequences of variable 
words, proved with different methods by Carlson in [Cj, is a consequence of Theorem 15.21 

Corollary 5.7 (Carlson, jH]). A family IA C W w (Y>\v) is completely Ramsey if and only 
if 11 has the Baire property in the topology Tg. 

Proof. Let IA C iy w (£;i;) have the Baire property in the topology %e- Then IA = 
BAC = (BU C c ) U (C n B c ), where C W u (E;v) is X^-closed and C C W u (£;iO is 
Tg-meager (C c = ^(S;u) \ C). According to Corollary 15.51 and Proposition I3.3| for 
every s G W <u (E;v) and s G ^(S;d), there exists u -< s such that [s,u\ C C c and 
according to Corollary 15.41 there exists «i -< w such that 

either [s, iti] C B n [s, «]CgnC c CW; 
or [s, mi] C £ c n [s, s] C £ c n C c C W c . 

Hence, W is completely Ramsey. 

On the other hand, if U is completely Ramsey, then IA = 14® U (14 \ 14®) and U \ 14® is 
a meager set in Hence IA has the Baire property in the topology %e- O 

A similar characterization of the completely Ramsey families of W U (T?) can be proved 
analogously, as a consequence of Theorem 14.21 
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Remark 5.8. (i) The Ellentuck topology % E on W U (E) has basic open sets of the form 
[s,s\ for s G W <w (i:) and s G W u (E;v), where 

[s,s] = {we^(S):socw and w \ s G and [0, s\ = RW w {s). 

(ii) A family U C iy^(E) of infinite sequences of words on a finite, non-empty alphabet 
X is called completely Ramsey if for every s G W^ <W (X) and every s G there 
exists u -< s such that 

either [s, u}CU or [s, u] C W W (E) \ W . 

(iii) A family W C W t '(E) is completely Ramsey if and only if U has the Baire property 
in the topology %e- 
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